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HIPEJINCJIOBUE PEJTAKTOPA IIEPEBOJIA

3a mocaegHMe rojisl B Haulel cTpaHe GHLIO W3AHO HEMAJO KHUT IO
HeGeCHOH MeXaHHKe OTeYeCTBEHHEIX M 3apyOeKHEIX aBTopoB. OfHAKO
npepiaraeMas ceiiyac BHEMaHuIo wmrarenedl kaura lltudens m [eii-
jere saHmMaer B HebecHO-MeXaHHYeCKOH JHUTepaType COBEPIICHHO
oco6oe moxoxenne. OHa mocBsimena paspaGoTKe HOBOTO HAIpaBlIeHHs
B He0eCHOH MeXaHWKe — DPEIIeHUI0 3a7a9 B YHCJACHHON WJIM AHATHTH-
9eCcKOi opMe Ha 0CHOBE pery Apusnpytomero npeobpazosanns Kycra-
agxeiimo — Iltudens.

Perynapusamus, 1. e. yerpanenne B nudpepeHnUANBHEX ypaBHe-
HUAX JBWKEHHSA 0CO0eHHOCTeH, BOBHMKAOIIUX IPH COYAADECHAAX Ma-
TepHaJbHBIX TeJI, BCerjia sipJifAllachk ONHOM W3 BasKHeHMHX 32127 Hebec-
moit mexaunkd. Ho f0 cpaBmmrensHo HeaBHero BpeMeHm OHa pac-
CMaTpUBAJach B OCHOBHOM JHIIb B TEOPETHYECKNX MCCIeLOBAHHUAX.
He 65110 m3BectHO ymo6Hoi GopMEl peryasapusanmm mis caAy9as mpo-
CTPAHCTBEHHOTO JIBUEHMS, H 3TO, €CTECTBEHHO, MEMIAJ0 €6 ImpHMeHe-
HHI0 B NPaKTHYCCKHX pacderaX. Pemarmmuil nporpecc B aToit ofma-
cri Gbit focturmyt B 1964 roxy Kycraamxeiimo, mpefmoxasmum cmm-
HOPHYI0 DPeryifpH3anal ypaBHEHWH ABIKEHHA HpPOCTPAHCTBEHHOM
sajagm AByx Ter. B caepyomem romy Kycraamxeiimo m Iltadens
BIEDBEIe NPUMEHUTH BTy PEryisipu3anmi0 K CIy9a BO3MYINEHHOTO
pemxenusa. G rex mop peryaspmsanus Kycraauxeiinmo — ltadens
(KS-peryaspusanus) crala MHTEHCHBHO yHOTpeGIATHCH B OpHKIaf-
HBIX 3aflagax HeOecHOH MeXaHWKH. .

[Tomumo cBOETO 0CHOBHOrO HAa3HAYEHWS — peryJifpH3ALHI ypas-
ueHuit Apmwxenus, KS-npeobpasoBanme mpmmedaTersHo eme B JBYX
oTHOmeHuAX. Bo-mepBriX, 0HO IPHBOAUT ypaBHeRHA ABIKEHHS 3a/a-
9H ABYX Tel K JIMHEeHHOMY BHIY W, BO-BTOPHIX, ofecmeumBaeT yHUBE]-
CaJbHOe pAacCMOTPeHHE TpeX THIOB KeIJePOBCKOTO JBIKEHHA BHE
BABHCUMOCTH OT BeJNUYHHH JKCHeHTpucHTeTa opbnThi. Wmenno ath
/iBa 0GCTOATENBCTBA TOBBOJIAIT MOCTPOUTH HOBYIO TEOPHI0 OMpesiee-
HUs BO3MYILIeHHH, KOTOpasA mMeeT IIeNsi PAN ODpeHMYLIeCTB IO CPaB-
HEHHIO ¢ KIacCHIeCKoi MeTofmkoit. B peryasapusupyomnx nepemennsx
YpaBHEHWd [BIKEHHA BOBMYIIEHHOW 3afauu OIu3km K ammeliHOMY
BU/ly U I0ONYCKAKT OpHMeHeAHe HOBHX METOA0B YHCICHHOr0 WHTETPH-
poBaHUA OOGBIKHOBEHHEIX Au@PepeHnuaTLHHX YpaBHeHuil, npeBOCX0-



6 ODPEOUCIOBHE PEOJAKTOPA TIEPEBOJIA

OAMEAX KJIACCHIECKHEe METObl KaK 10 TOYHOCTH, TAK H IO GeicTpopeii-
cTBuI0 mpH pacderax Ha IBM. YcoBepmeHCTBOBaHi€ METONOB THC-
JIeHHOTO HHTerpHPOBAHUS 3AHMMAET B KHHTe HE MeHee BajkKHOE MeCTO,
geMm cama npobiaeMa peryaspusanuu.

I'mapHBEIM JOCTOMHCTBOM KHHIM ABJIAETCA ee OpaKTHIeCKadA Ha-
H]JaBJIEHHOGTB. Bee paccMaTpHBaeMbie B Heit MeTOJibl JmOBeOeHB! 0
OPAKTHIECKUX NPHIO/KeHHH H NPOMIIIOCTPHPOBAHBI YHCIOBHIMU
npumepamn. ITosToMy KHEra MoKeT NPHHECTH CYIIECTBEHHYI HOJIb3Y
KaK CHemumaJHCTAM-TeOPETHKAM, 3aHAMAIOMMMCSA KAIeCTBCHHBIMHE BO-
mpocaMn HeGeCHOH MeXAaHHKHM, TaK H CHENHaJHCTaM IPHKIAXHOTO
npoduris.

Kunra lItagens u Illeiigene BEIXOJUT Ha PYCCKOM fA3bIKEe € HEKO-
TOPHIM 3amo3flaHWeM (HA AHTIMACKOM s3HKe KHHIa IOABHJIACH B
1971 rony). OnEako 3a 5T0 BpeMs TeOPHA, PA3BUTAA ABTOPAMN KHUTH,
HOJHOCTBIO OKA3a/Ia CBOI0 ku3HecnocobHocTs 1 adderrnBrocTs. Han-
foaee BasKHEe HOBHE Pe3yiIbTAaTH, IOJyYeHHEIe 32 9TH T'0/isl B HeGec-
HOIt MeXaHHKe H HMEIue OTHOUIeHHE K COJep/KaHOI0 KHHTH, OTpa-
JKeHBI B IPHUMedaHWAX K DPYCCKOMY mepeBofly. 9drto morpebosaio
W pacIIAPeHMs NEePBOHAYAJBHOTO CHOHCKA JIHTePaTypH.

Meto/sl, W3I0KeHHLE B KHAre, Haubojdee MOJMHO HCIOJIbL30BAIHCH
B 3afavax acrpopmuamuku. Harmapgmoe mnpefcrasiennme o6 sToMm
maoT JorJas Ha KoEdeperuuax B O6epBoabdaxe (MaTepHabl TPETh-
eif m WerBepToit KoH(pepemmmit omyGamkoBaus B sxypHamde Celestial
Mechanics, Tom 2, Ne 3, 1970 m tom 8, Ne 2, 1973 cooTBeTCTBeHHO).
9TH MeToAH C YCHEeXOM NPWMeHAJHCh W B 3BE3[IHOH [WHAMHKE IPH
YUCJIEHHOM H3YYeHHH 3BOJIOIHH CHCTEMEI MHOIHX TpaBHTHPYIOMHX
MaTepmadpERX Tex (cM., Hampmmep, Tpyast Hommoxsmyma Ne 10
MexayHapOAHOTO ACTPOHOMHYECKOTO 01032, COCTOABIIErocA B
1971 romy). Opmaxko mOTeHNHWAJBHEIE BO3MOKHOCTH BTHX MeTO/I0B
KaK B TeOPeTHIECKOM, TAK M B IPAKTHIECKOM OTHOINEHWH ellle NaeKo
He mcuepmaHbl. B gacTtHoctH, B HeGecHO# MexammKe HX NPHMEHEHHE
MOMeT OKA3aThCA O0YeHBb IVIOJNOTBODHBEIM HOpH HACCIAENOBAHHH OBH e~
HHUA MAJBX ODJAaHET H HOMeT.

[Tepesox wumrm Iltudens m Ileiidene nomxen cnocoBCcTBOBATE
foJlee MHUPOKOMY PACHPOCTPAHEHHUI0 HOBHIX MeTOHOB B 00JacTH pery-
NAPU3ANAM ypABHEHUH [BIDKEHHEA, TEOPHHA BO3MYIIEHNA H IHCIEHHOTO
WHTeTPHPOBAHES OOBIKHOBEHHHIX AH(pJepeHnuarbAbX ypaBHeHHI.

B. A. Bpymbepe




HNPEJUC/IOBHUE

Hame manoskenne HEKOTOPHX OCHOBHEIX DasfeioB HebecHOH Me-
XaHWKA He Tpe0yeT HHKAKAX CHENHAJLHBIX IPeABAapHTENLHEIX 3HA-
mmit. Onmako BoIGpAaHHBIE HAMA MaTeMATHYECKHH MeTOJ ABJIAETCSH
HOBEIM B TOM OTHONIEHWH, 9TO HEBO3MYIEHHAA 3a/lada ABYyX Teld OIH-
cerBaerca aureiinumu nuddepeHIHATLHEME yPaBHEHNAMH, KOTODHI®
AME0T Aayke mocTosHAHE Koadduumenth. HpyraMm cropamm, ycTa-
HaBJAMBAETCS HKBHBAJEHTHOCTh MEKAY KEIJIePOBCKHM JBHKEHHEM
B TaPMOHHYECKHM OCIUIIATOPOM; TAKOE MOJXO0/T K HebecHO MeXaHHUKe
Oymer HaSLIBATHCA LUNEUHOU meopuel. Kpome oTKpHIBalomencs TeM
CaMBIM BO3MO}KHOCTH B3aMMHOTO IJI0J0TBOPHOI0 B3ANMO/EH CTBHA MK~
ny meGecHO# MexaHHKOH W Teopmei ronefaHmi, 0O9eHb BayKHO, YTO
HAIIR JuHeiiHbe AuddepeHNHAIbHEE YpPABHEHHA ABISIOTCA c10dy
peeyaspHbuLMi. B IpPOTHBOMONOMKHOCTE JTOMY KJIACCHIECKHE HBIO-
TOHOBCKHE® ypaBHEHHA HMeEIT O0CO0eHHOCTH HpH COy[apeHHH JBYX
ABIGKYIIUXCA Ted. Pesyaspusayus, OZHAKO, He ABIAETCA OCHOBHEIM
HampaBleHHEeM KHHIHW; IO3TOMY MHOLHE METOJIBI perysisapH3annu [1],
KOTOpPHIE He IPUBOAAT K JnHEHHEM AuddepeHnuaTbHbiM ypaBHEHHAM,
3[eCh HE PACCMATPHBAIOTCH.

[loMEMO OCHOBHOII MAeH MCIOJb30BAHUA JTuHeHHHIX Auddepennn-
aJbHBIX yPaBHEHHH CO BCEMH BHTEKAIIUMH OTCIO/Ia IPEeHMyIecTBaAMH
MBI EMeJH B BHJY [Be HajbHelmne HayTHEE IEJIH.

Bo-mepBHX, HYKHO JOIYCKATh HE TOJNbKO mpeoGpasoBaHme KOOP-
AWHAT [ABIWAKYIErocs Tela, HO M BBeJeHAE JPYrHX HEe3aBHCHMBIX
mepeMeHHHX BMeCTO BpeMeHH. TaKuM myTeM MO;KHO u36e;xaTh B TEO-
PeTHIECKAX HCCIeOBAHMAX 3a9aCTyI0 T'POMO3IKOTO PeMEHH ypaB-
nernsi Kemmepa. 9To Bejler K AajbHeHIIeMY CJIeICTBHIO, 3aKJIo0Yai0-
meMycsi B TOM, 9TO JHHeHHas Teopus YHABEPCATLHA IO OTHOUICHHIO

K 3HAYEHHUI0 HKCIEHTDHCHTETAa.



3 IIPEIHUCIOBHE

Bo-sroprix, cienyer obecneunts (opMyJIMPOBRY TeOPHH BO3MY-
IeHnil 1a A3bIKe KAHOHAYECKOIl aHaJmTHIecKol Mexanuru. Iloaromy
B rmase IX kmaccmueckas, a B riaBe X HOBasd ApHefiHas TeopHH
LpPe/CTABIAKTCA B KAHOHHIECKOM BHje. JTOT HOAX0[ TpebyeT Hero-
TOPHX 0600Mennit KTAaCCHIOCKOr0 anmapaTa AaHATHTHIECKOH MeXaHH-
gm (raasa VIII). Merox xamomwuecknx npeofpasoBammil, oka3aB-
IIWIACS CTOIL yCHeNIHKIM B KJIACCHIECKOH HeGeCHON MeXaHWKe, mpHuMe-
HAeTcs, TakuM ob6pasom, m B Hamedl JamHedHOM Teopmm. Meroxs He-
OecHOIf MeXaHUKH, He AONYCKAKIIHe Ipe/ICTABIeHHS B KAHOHHIECKOM
BHJe HAM He CHOPMyJHPOBAHHEE KAHOHHYECKH WX aBTOpaMm, He
BKITOYEHH B 9Ty KHHATY.

Yacre mepsas (rmasmt 1—VII) sBusercs smememrapmoit; kpome
OOLIYHEIX OCHOBHHIX CBeJeHHH U3 aHANH3a, TpefyeTcs JUIIb HEKOTO-
poe 3HaKOMCTBO ¢ Teopmeil MaTpun. I'aswr [ m 11 copepsxar ocuoBH
JHHEHHOi Teopuu, KoTopad npuMeHsercd B raasax [11 m IV k meBos-
MYIEeHHO# 3amadve JBYX Tel. JTO HpeJCTaBIeHHe HEBO3MYIEHHOTO
KeIIePOBCKOTO [BWKEHUSI MOMKET OHTH MCIOJB30BAHO CIEIMATHCTOM
B Ka9eCTBe yIpa)KHeHHs 10 YIPOIMANIIei METOIHKe JINHEAHOM Teo pHH.
Haunnas ¢ raaset V OCHOBHOE BHUMAHME YIeIAETCA BHIHCITATOABHEIM
acmeKkTaM. PasmmuHEIe HCCIeq0BAHUA MO YCTORIABOCTH U HAKOILIEHHIO
omu60K MOKABHIBAIOT JOCTOMHCTBA JHHEHHOW TeopHu W HPHBOAAT
K Goxee Tomkmm umcieHHHM MeTogaM riaaBm VII, xotopme ymamocs
pasBUTh TONBKO Gaaromaps ToMy 06CTOATENBCTBY, YTO HHTErPHPYIOT-
Csl ypaBHEHHs IapMOHHYeCKHX KoxeGaHmid. Mbl mymaem, uTo Takme
MeTo[sl MOryT OHITH HIpHMeHEHH TaKxe BHe HebecHOl MeXxaHHKH,
B 9aCTHOCTH, B TEOPHH OOMHAX Koae0aTelbHHIX JBIKEHMIL,

Yacts Bropywo, comepskamyto raxassr VIII, IX u X kamormveckoit
TEOpUM, MOKHO OXapaKTepH30BaTh CleXyioluM obpasom. B riase
VIII paercsa me3aBHCHMOe M3JI0MeHHe TaMAJbTOHOBOM MEXAHWKH, W
OHAa Moyker 4mMTaThcA Oe3 Karmx-Imb0 mNpeaBapHTENBLHHX BHAHWIA
B oT0#t obmacru. Hama iammeiinas Teopmst mpepmosaraer GoapIIyio
cTenenb cBoGojsl B BEIGOpE 3aBUCHMEIX M HEZABHCHMEIX IepPEeMeHHHX,
u 310 Tpebyer o6o6mennit, KOTOpPHE BRIIOYEHH B ATy IIaBy. IIaBH
IX m X mocBAmeHH KAHOHHYECKOMY W3JIOKEHHIO KJIACCHIECKOH m
JIAHEHHOR TEODHH COOTBETCTBeHHO.

Yacrs Tpersa (raasa XI) mpexbasiaser HECKOMbKO 6076e BHCOKHE
TpeGoBaHAA K YHTATeN0, TAK KAK B HeH HCIOIB3YIOTCH METOMLI Aup-
depeHNHANLHON TeOMETPHH W TONOJOIHH. JTA IJIaBa OCBEINAeT -




OPEAHCIIOBHE 9

HeliHY0 TEOPHI0 ¢ reoMeTPUICCKOil TOUKHM 3penma W Obura Hammcama
¢ TleJbl0 NOSICHEHHA HEKOTODHIX COOTHOUIeHHIT ¢ 6olice BHICOKHX IO-
BHUIAL.

Ham xoremock Obl mo6aBUTh HECKOJNBKO 3aMEUYaHHE MJA CIeHAa-
JHCTOB II0 KJIACCHYECKOoH HeDeCHoH MeXaHHKe.

IToBciony B 5Tolf KHHTe NpPEANOYTeHHE OTHAETCA PeryaspHHIM CH-
cremaMm opOmTadbHEIX 3JIEMEHTOB, TaK UTO B BO3MYIIEHHHIX ypaBHe-
HEAX HO BO3HHKACT HHKAKHX ONACHHX 3HaMeHatTedeidl. B otamume ot
KJIACCHIECKOH TEOPHH DJIeMEHTH BBOJATCS He 0OJHOBPEMEHHO, a Iocie-
JI0OBATEIBHO, B COOTBeTCTBHH C HX 3HAUCHHEM.

[TpuMeHenHe sECYeHmMpuUYeckol. aHOMAIMH B KadecTBe He3aBHCH-
Mo# mepeMeHHO# mMeer pasHooOpasHele mpemMmymecTsa. Bo-mepBhx,
KOOPAHHATH ABWKYINErocs Tela W, ClIeJ0BaTeNbHO, Jdobas QyHEKIuA
OT HHX NPEACTABISIIOTCA 3aMKHYTHIMH BHIPA/KEHUSAMH OT SKCIEHTpH-
geckoll anoMaguu.’ Bo-Bropeix, pajg @ypse Bosmymawmed ¢yHRImn
CXOJHTCA [0 SKCIHEHTPHIECKOH aHOMAJHWM, KAk mpaBmio, Guicrpee,
9eM 1m0 CpefHel aHOMAaINH.

YHuBepcanbHOE PACCMOTpPEHHE TpPeX THIOB KemJIepOBCKOr0 [BH-
JEHHA eCTeCTBEHHHIM IyTeM BEITeKAeT M3 IpeJCTABIeHHSI B (opMme
OCIAIIATOPA.

Pacuimpennsai KaHOHHYIECKOH TEOpPHH KACAIOTCH, BO-IIEPBLIX, BRIIO-
qeEna audpdepennuaTbHrx npeobpasoBaHMiE He3aBHCHMOHE mmepeMeH-
HOIl B BO3BMYIIEHHOM CJydYae H, BO-BTODHEIX, IepeXofa K H30LITOYHEIM
KOODOMHATAM YACTHNB. OTH pACITHPEHHS NO3BOJSIT YCTAHOBUTH
n30MOp(E3M MEKY BOSMYIeHHBIM KenJIepPOBCKHM ABIKEHHEM H BO3-
MYIEHHBIM OCIHJIISITOPOM TAKEM crnocoGoM, 4T0 BOMyMAomuil mo-
TEHIUAT OTHOoCHTCA K ocnmiaaropy. CBoiicTBO KOHCEPBATHBHOCTH
HAHHOTO HOTEHIHANA COXPAHAETCH.

Duzugeckoe BpeMda ¢ GUrypupyer BCIOAY B 3T0oil KHATE KAaK KOOp-
AMHATA YACTHIHI, PACCMATpPWBAEMAs B TOYHOCTH TAR K€, KAK W Teo-
MeTpudecKme Koopaunath. I[J1A Hee TO;ie BBOAUTCA BIEMEHT, BBHITHC-
JeHHe KOTOpPOro BKJINYEHO B CHCTeM'y KAHOHHMYEeCKHX BO3MYIIEHHBIX
ypaBHeHuit. Hakonern, Goxbmoe BHuManme yhedsercd TpebGoBaHmio,
9700Bl KAHOHWYECKAA CHCTEMa WCYEepIHIBAONe OMMCHBAJA PacCMaT-
puBaeMoe [BH)KEHHE W He HY;KIANach B MONOMHEHHH, HAIPHEMEp,
HeKaHOHHYeCKHME nuddepeHnuaTbHEIMA ypaBHEHHAMH. TOJBKO B

3TOM CJy9ae MOKHO MCIOJB30BATH NAJbHEHINIHe KAHOHHIECKHE Ipe-
oGpasoBaEud.
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He saummena unHTEepeca KpaTKash NPebICTOPHA BO3HHKHOBEHHS
atoit kEmru. IlepBHlil W3 aBTOPOB MOCTABHI BOIPOC O TPEXMEPHOH pe-
ryaspusanun Ha kondepennnn B O6epBounpaxe B 1964 romy, m Tam
;e HycraanxeiiMo H3JI0RUI CBOI0 HJEIO HCIOJHL30BAHHA CIHHOPOB.

YacTu mepsas u BTopas 3T0l KHHIHE OTPaKaloT Pe3yJbTATH [Ajb-
HefIIUX WCCTeqoBanmil mepBoro aBTopa, 3a mCKmodennem §§ 26 m 27
no G-pyHKImuAM, paszpaboTaHHHIM BTOPHIM aBTODOM.

B 1967 roxy Bropoil aBTop HAYad CBOM HCCJIEROBAHWA OCHOBHBIX
aCIEeKTOB KAHOHHYECKOH MEXaHMKN H, B YAaCTHOCTH, ee IPHIOKeHM
K auHefino#t Teopuu. YacTs BTopas, o CYMECTBy, ABIASTCA OTIETOM
0 ero pesyJabTaTax. '

Ha ppyroit xomdepernmm B O6eproandaxe B 1969 romy Mosep
H3JI0HRHAT HEI{OTOPHG A3 CBOMX [UHAMHYECHKHX H TOHOJIOTHYECHKHX
mjiell, KOTOPHIe HOBIHMAIA HA TOI0I0THIecKHe pacemoTpernnst gactn [11-

B KadecTBe MOLOJHUTEALHOM JHTEPATYPH MH DEKOMEHAYeM KHUIH
Cebexen [1], Bpayapa n Kuemenca [2] u Iltymnda [3] (B kBagpaTasx
ckofrax ykasweBaerca Gubamorpadma).

[omesusie o6cyspenus ¢ mpodpeccopamu [{aubu, Mocrom, Mosepoms
Cebexeem m Tonmnm obmerumnmm Hamy pabory. Hamm corpyamnkm,
nokxropa Berrme, ®uapu, Hoxep, a tawxe l'annapnm, Hupxrpabep,
Mapruuennu, Pyrrep, llltamex m IllTypumerrep 38HAYATEBHO IOMOT-
JIW HAM WV OPHE M3YyYeHAH HEKOTOPHX TEOPeTHIeCKHX mpobiem, Wiu,
KpOMe 3TOT0, IpH MHOTOYACICHHEX pacderax. Mul 6rarofapHsl Takxe
mucrepy Moppucy u goxropy Caapu 3a urenne pykonncu. [laxee, Mbl
xoremn Om moGmaromapmrs IllBeiinapekmit ¢emepaibHE TEXHOIOTH
9eCcKHEil MHCTHTYT W €ro BHIYMCAMTEeNbHSIH meHTp, a Tamxe [lIseimap-
CKHHl KOMHTET IO KOCMHYECKHM HCCIEIOBAHHAM 3a HX HONJCPKKY
n HACA, xortopoe mocpefcTBOM NePBOHAYAIbHOTO KOHTPAKTa [4]
cyGeumuposano namm ucciegoBannsa. Hawomen, mbi o6sa3ans usja-
terscrBy llmpuurep 3a mpuBIekartelbHoe opopMieHHE KHHUTH.

Iiopex, ortaGps 1970 r.
E. Hmugean,
I'. Hleligiene

hOw



YacTs nepsas

OCHOBbBI TEOPUHU
1 BBIYNCJINTEIBHBIE METO/IbBI

IFmasa 1
[IPE/\BAPUTEJ/IbHBIE CBEJEHU

§ 1. 3aKoubl JBIKEHMA

B HBIOTOHOBCKOH TEOpHH TI'DABHTAMOHHOIO MABW/KEHUA MPELO=
jaraerca CyIIeCTBOBAHEE IPAMOYTOJNBHON CHCTEMBI KOODAUHAT Yy, Ys
y, TaKoff, 4TO B3AWMHOE TPABHTAI[UOHHOE IPHTAKEHHE IBYX Macc
M m m mo BeIWYMHE PABHO

M
e (1)

3iecs T — PACCTOSHHME MEALY Maccamm, PaccMaTpUBACMBIMH Kak
TouKW, TAK KAk 3aKoH (1), Boobme roops, HeNMPEMEHHM K TeXaM
KOHEUHHIX pasmMepoB, k® — yHHBep-
caJbHAs [PABHTANUIOHHAS TOCTOAI-

BBEJIeM BEKTODH HOJOKEHU Y M, Ym
ofenx macc. Macca m, HampmMep,
mofiBep;KeHA [eMCTBHIO IpaBuTalA-
omHo#t cuasl BeawamHs (1) m mmero- M Z,
meit HampaBlIeHue eJHHHIHOTO BeK- '

ropa (Ys — Ym)/T; TAK ITO B BEKTOP- d -

HOIl BamHECH 2Ta CHJIAa Ompeneadercd Yy
BEIpasKeHHeM

M
K (Y — Y-

Has, a cUCTeMa KOOpAHHAT Y Ha3HI- S "’4 m

BAETCH UHEPYUAAbHOL — CcUcmemol. !

[IpemgcTaBuM ABH/KeHHE B IPOEKINH |

Ha IIOCKOCTH Y1, Ys (pme. 1) m : UenmpaneHod
|| cuna

Puec. 1.

Ecam npouwsBoAHEE IO BpemeHHU i 0603maunTh TouKamm, To Audde-
peHIMAaNbHbE yPAaBHEHNA [BIGKEHUA ABYX MAace OyAyT TaKHME:
. k'ZM
Ym = '_,T(yM = 'ym)!
T (2)
Yu =5 (Ym— Yu)-
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Ouesmro, aro npursmxenne (1) Gecxomeano npu r = 0, Korga umeer
MecTo coydapenue nByx Tten. Tarmm oGpaszom, muddepeHipianpubie
ypaBHerust (2) obrrasaor ocobernoctsio npm r = 0. Oxmoit na mammux
meJiell ABJAETCS yCTPAHEHHE dTHX 0cobenHOCTel.

JABuikenne OTHOCHTENBHO NEHTPAIbLHOH MacChi. Hurerpmposanue
cucremsl AuddepeHIUANBLHEX ypaBHeHHI (2) BHaYHTEABHO YymWpO-
IMAaeTCs, eClu HCHOMb30BATE CHCTEMY KOODJAHHAT &y, Ly, Iy C HAYAIOM
B Macce M u 0CAMHI, HAIPABICHHBIMA T1a PAILICIBHO 0CSM HHepIOualb-
Hoii cucremsl. B pmampueiimem macca M HasbBaertca IEHTPaJbHOM
Maccoil. BBoisA BekTop motoMeHns X = ¥, — ¥ IACTHIH N B HOBOM
¢ucTeMe KOOPAMHAT M COCTABIAA PABHOCTb yPaBHeHHH (2), moayuaen
COOTHOIIEHHE ’

- k2 (M 4+ m)
X = — ———-—3 a.

Taxmm oGpasom, cmerema mectn ypasHemmit (2) cBogmTCA K TpeM
YPaBHEHUAM JBUKEHHs JaCTHIHL 1 OTHOCHTEJNHHO MeHTPaTbHON MacChl
M. Insa xpatkocrm monomxmM K® = k2 (M 4 m). [Bmxenne, coor-
BeTCTBYIONlee OKOHYIATENbHON CHCTeMe ypaBHeHMi

2+ Xw=0, K=k (M4 m) (3)

OymeM HAa3EIBATE HEG0SMYUEHHbIM KENAEPOSCKUM OGUNCEHUEM.
W3 tpe6oBanua mocTosHCTBA PACCTOSHMS r BO BpPeMs [BIKEHMUS
ceffaac xie modyYmM gactHoe pemerme. C o6ozEaweHmeM

v = Kr—s

YPaBHeHHUsI IPUMYT BUJ MUdPepeHnualbHEX ypaBHEHUA rapMoHEde-
CKOTO OCOUJNIATOPA € 9ACTOTOH V!

x 4+ vie =0,
HMEMUX pellenne _
x = a cos vt 4 b sin vi, (4)

rme @ © b — 7Ba 0pPTOTOHATLHEIX BeKTopa mimHb r. JlefictBuresnsio,
s abCooTHOr0 3HAYEHAS BEKTOpA 4 HAXOLUM

[2[*=|a]|®cos® vt + | b |* sin® vt = 2

Kax caenpyer m3 (4), wacTuna Bcerma HAXOAUTCS B IJIOCKOCTH, cofep-
Kalmeld @ u b, HA NOCTOAHHOM PAacCTOSHAM r 0T Hauada. Takmm obpa-
30M, BI}KEHHE fIBJISIeTCA KPYTOBEIM ¢ MEPHOAOM o6 pammenus

2% 2n
= ™ — Y?'a”. {5)

Cropocrs
& = v (—asin vt + b cos vt)
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HMEeT TOCTOAHHYI0 BeJIHYUHY

U:'\’rz—_l/.—?_-_. (6)

FEe HABKBAIT KpY2060li cKOPCCMbI0 HA PACCTOAHMU I\

Bosmyuiennoe mpusienie. ITomMuMo mMeHTPAJIbHOIO NMPHTAAEHUS Ha
paccMaTpHBaeMyio YaCTHI[y MOTYT HeiCTBOBATL M [APYrie CILTEL. Ta-
KUe CHJIH BHI3BIBAIOTCHA, HAIPMMEP, CONPOTHBIEHHEM Cpelsl, COTHEed-
HHIM TABJEHHEM, IPHATAKEHHeM TPeThero Teda WM HecHepHIHOCTHI
HeHTpadpHOro Teia. Bee Takme nobaBOYHBIE CHIBI MOKHO HpeacTa-
BETH oji0H cuaoil P, meiicTBylomeil 11a CJHHUIY MAcChl YACTHIH H
nasLiBaeMoll goamywaiweil cuaoti. Mur GyjieM 10Ib30BATLCA TePMH-
1I0M CHIa» HecMOTPH HA TO, 4To I HMeeT (U3HIECKYI0 PAa3MepIlIoCTh
yCKOpeHUsi. ¥ paBHeHNsl JABHKCHHA npeobpasyored K BHAY

x4+ 50 =P. (7)

P MojkeT 3aBHCETH He TOJABKO OT IOJOMKeHHA W CKOPOCTH JACTHIIHL,
HO TawKe ABHO OT BPEMeHH, 9TO HMeeT MecTo, HampuMep, eclH JacTd-
A m HAXOAUTCA NOX [eficTBHeM IpPABUTANUOHHOTO NPUTAKEHAA
TpeThero ABWKYyIleroca Texa. TepMHH «BO3MYyIIAlOMas CHiay cam mo
cebe He mpeanosaraer MaaocT P mo CPaBHEHHIO C I{EHTPAIbHBIM DA~
“TAMKEHAEM.

§ 2. JueprerHueckne COOTHOMIEHHS

Kunernueckas 5HepPrHsi YACTHIH, OTHECEHHAs K eJWHAIE MacCH,
onpefieisiercsa Kak :
1, 1,02
o= ZV =73 i x 1 '
re v — cKopocTh gacTmis. II0BCIOAY B KHATE CKA4ADHOE npoussede-
Hue BYX BEKTOPOB @, b oGosnawaercs gepes (a, b). Takum obpasom,

— L@ @), = @) = — 5@ %) + @ P), (8)

Kak aTo caenyer us (7). [lamee, BBoIs MpON3BOJHYIO OT PACCTOSAHHA,
HAMeeM

r? = (,%), 2T =2 (%, %), (x,2¢) = T,

= — K54 @ P)= K2 5 (1) + (@ P), ©)
#(7—5) =@

Brrpaskenne, crosmee B cko6kax B JIeBOX YaCTH MOCTE/IIIETO COOTHONIE-
HUfA, HABHIBAETCH Ken.epoeckoli sHepzuell m N ymobersa o0osHa-
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qaercd B MaspHelnes 9eped (—hy). CKopoeTs H3MeHEHAA DTOH Beamdu-
Hbl paBHA paboTe, mpoU3BOAMMOIl BO3Mymameil cuioil 3a eIUHALY
Bpemenu. B gacTHOM cIydae HeBOZMYIEHHOTO KeIIepOBCKOTO MBIKe-
A kg ABaAercs KoHcrautoil. Onpefelsiomee COOTHOMEHNe

K2 v2

hge =——5 (10)
HA30BeM YpasHenuem snepeuu, a (9) miam, 9o To e,
hg = — (P, x) (11)

— 3aKOHOM U3MeHeHUA dHepeuw. ITOT BAKOH mpejcTaBiuseT coboit amg-
depernmanbHoe ypaBHemme nepBoro mopapgka. C JApyroil CTOpOHBI,
(10) B cayuae HEBOBMYUIEHHOIO KeILIEDOBCKOLO ABMKCHNA SABISETCH
Hauboiee BayKHHIM IEPBHIM HHTETPAJOM ypaBHeHuI qBmmenus. B ka-
decTBe IpPUMepa MOKHO NPHBECTH KpyroBoe nBmwkennme (6), roe hx —
NOJOKATENBHAS KOHCTAHTA:
2
hy = o, (12)

r

NOKAaBHIBAKMIAA, 9T0 PAIAYC OKPY:KHOCTH CJHVKAT Mepoll KoJmdecTBa
9HEePIrHH, CoJeprRalleidcA B [BH;KCHUM.

Bosmymalomuii norenmuan. lomycrmM, uro cymecTByeT Takas
craxfApHas pyHKnms V (Z, &), 3aBHCAMAA OT BpeMeHH U MOJOMKEHHA
JACTHIH, ITO

av
= — gorT _——
P gradV e (13)
ITocmennee o6o3nagenne mpeacrasiser coboit SKBHBAJEHTHYI 3amNCh
CHMBOJIA (TPAJMEHT) W ABJAETCA BEKTODHBIM COKDAIIEHHEM paBeHCTB

av
j=——, i=1,2,3,
L dw,

rage P; — i-A KOMIOHEHTa BO3MyINaomed cmisl. B aToMm caygae
GymeMm roBOpHTH, U4TO BOSMYIAIOMAS CHJIA IIOPOKAAETCS BO3MYIA0-
muM moTeHnua’toM V. Y106HO BBeCTH B KauecTBe no.HOI oHep2UU
(— h) wacTuup BenmIuRy

—h= —hg + V. (14)
Torpa

av

ov
dar

3
) : av - av ;
B T, 8= he =G+ 2 Pty =

i=1 t i=1
" av .
ZhK"‘ a"f'(le)'

u, moacrasiAsn (11), momyvaem MommpummpoBammyi GopMy 3aroHa
H3MCHEHHA 9HEPr¥H
v

h = - (15)
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Jlas Gosee TOYHOrO MOHMMAHHA ITOTO 3aKoHa Heobxonmmo obparurs
BHUMAHHE Ha cjienyolmee. B JeBoil gacT: /i BEHYHCIAETCS IyTeM MOJ-
CTAHOBKY B omnpejelstiomee cooTHomenue (14) BMecto x pemenns & (i)
ypanuenuil apmxenns. [loaydennasa taxkum obpasom ¢ymrnus h (f)
muddpepennapyerca. B mparoit 3acTH nepeMeHHBIe { M X PACCMATPH-
BalTCA KAaK HE3aBHCHMBIE apryMeHTH QyHKumm V u BHYHCIAETCS
gyacTHAS IPOH3BoiHAA mo . TodbKO IOCTe BTOTO MOJCTABIAETCA pe-
menne X ().

WurepecHo OTMETHTH JaCTHBIA caydaif, korja V He 3aBHCHT ABHO
or Bpemenn. Taxoil morernmuasa V (i) HaspiBaeTCss KOHCEPBATHBHEIM.
OueBmnHO, 9T0 A TOr[a ABIAETCH KOHCTAHTOM, Tak Kak dV/dt = 0.

§ 3. Ceoara dopmyn

B stomM maparpade mpepmoJaraercd, 9YTO BO3MYIIAONas CHIA
MO<eT OBITh IpeicTaBieHa B BHJe CHIbI, MMeoIeld morennmax V, u
ocraBineiica wacTH, BHOBB 00o3HagaeMoil gepes P.

Cnucox o6osraueHuii: -

M — Macca IeHTpaJbHOro Texa, m — Macca gacTunsi, k* — rpa-
BATAIHOHHAS KOHCTAHTA, 2 — BEKTOD NOJOMKEeHHA dJacTamel, V —
poaMymammuil noreHmua’k, P — nonoJHHETeNBHAA BO3MYMAnmas
cuia, (—hg) — KemJepoBRCKas »sHeprma, (—h) — mouaHas aHePTHA,

v — cKopocts, K¥= K2 (M + m), r=| x|
YpaBHEHHS [BHKEHHA:
. av
x+?"°:—a—x+P‘ (16)
Y paBHeHHA SHEPrHH:
K »2
hg =——"%, h=hg—V. (16)
SaKOHB H3MEHCHUA SHEPrHu:
Y av - : : av .
b = (5o, ®)— (&), h=—% —(P,®).  (16)

§ 4. Cunrynapasie guddepennuanbHble ypaBHeHNA

Ypasuenns asmwxenus (16) mmeor ocobenHocTh B Havajxe KOOpAH-
HAT, TAK KAaK HBIOTOHOBCKOE T'PABHTANHMOHHO® HPHTMKEHHE I[eHT-
pa.TIBHOﬁ MacChl CTAHOBHTCHA 6BCROIIG‘IHHM B 2TOH TOUYKe. BC.TIB,[[CTBHG
BTOr0 BO3HHKAOT HE TOAHKO TEOPeTHUYECKHe, HO M 0YeHb HENpHAT-
Hbple NpAaKTHYeCKHe TPyAHOCTH. EcAH 9acTHma mOAXOAHUT AOCTATOTHO
fIU3K0 K IMEHTPadbHOR Macce, T0 MOKHO TOBOPHTH 0 nowmu coyddpe-
nuu. Tawxoe coOwTHe BHIBHIBAET 00JbIIHE IPABUTAIIHOHHBIC CHIB H
peskoe mamenenue opbumtei. Ilpm 4HC/IeHAOM HATErpHpPOBAHHE eIHH-
CTBEHHHIHA c1noco6 mpeofofeTs 3Ty TPYAHOCTH COCTOHMT B YMEHBIICHHH
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IJIRHBL mara u ynoTpediaeHnn 60JAbIIOro KOIMIECTBA MATOB HHTErpu-
POBAHHA B 30HE TecHOro cOmmuenns. M3-sa ommbor oxpyrienna u
016pachiBaHus WIEHOB B YOPMYJTe MHTETPHPOBAHMA TOYHOCTS THC-
JCHHOTO HHTEPUPOBAHMA IOCHE HPOXOKACHUA IOYTH COYHAPEHHs
Oymer moBombHO Hu3KOH. B kaaccmueckolt Hebecmoit MeXaHHKe 06
OTOM He IPHXOAHIOCH 3a00THTHCA, MOCKOABRY COyAApeHHA IJIAHET,
Rak mpaBuio, He Berpevawres *). Ho mo6oit sanyck mexycerBenHoro
ROCMHI'ECKOT0 anmapata OpHBOJAHUT K TECHOMY COJIKEHHI0 HA y9acT-
Kax crapra um ¢uHnma.

Taxnm o6pasom, mac mHTepecyer mpeoGpasopamme CHHT YIS PHBIX
RudpepeHNHATLHIX ypaBHeHNE B peryasipabe. Jra IpomeaAypa Hash-
Baercst pezyaapusayuetl. llpese gem pasBuBaTh COOTBETCTBYIOMIYIO
TEOpHI0, MafiuM HECKOJBKO TOYHBIX OIIpefeseHHi.

Iyers mamo nuddepenmumannmoe ypasmerme

z’ = f (s, 2) (17

OTHOCHTEJbHO HeH3BeCTHOH QYHKIuM Z (S) He3ABHCEMON IepeMeH-
no#t s. Illtpux osmawaer guddepernupopanne 1o s. Y paBHeHTE Ha3wI-
BAeTCA PEerylAPHEIM B TOUYKe (So, To), €caud f u df/dx ABIAOTCA KOHET-
HHIMH H HENDePIBHHIME QYHKIUAME B M0GOH Touke (S, ) OTKpPHITOI
obracra D, comepiameii (so, z,). Ecanm ato yCJI0BUEe BEIMOJHEHO, TO
OCHOBHBIE TEOpeMEl CYIIeCTBOBAHHA TIapaHTHDPYIOT CYHeCTBOBAHHE
¢ynknnn z (s), anddepernupyemost B HeKOTOPOI OKPECTHOCTH S, H
yRoBIAeTBopsomed AuddepeHNRaTLHOMY yPaBHEHHID M HATAJBHOMY
VCIOBHIO Z (So) = x,. Ecan ske aTo ycaoBme He BHIOIHEHO, TO ypas-
HeHme uMeeT 0co0eHHOCTH B TOUKe (sy, ¥o) W HEIET0 HEIb3A 3apamee
CKa3aTh O CYMECTBOBAHUW pelleHUA.

Jdtm onpepenenns obobmarpres mutatis mutandis ma CHCTEMY
AaddepeHnEaATBHEX ypaBHEHHN BHIA

T =F(8 % cnmy @), i=1,2,...,n (18)
Ypasnenne Goiee BEICOKOrO TOpAMKA, HALPEME]
" = f (s, x, z'), (19)

ABJIAETCHA YaCTHBIM CJIY‘I&BM TaROﬁ CHCTEMEI, TAK KaK BBeJJeHHeM [0-
TMOJNHATENIbHOH mepeMenHo#l § = x’ 0HO CBOUTCA K CHCTEME

=y, y=f(sxy.

Heobxoammo penaTe TmarenbHOoe pasiminme MEXAY 0 €0 6 e H H O-
CTAMHAE nuddepeHENNAaTIbHOr0 YpPpaBHEHHUSN o
ocoGenHOCTAMEU €T O pemer uil. Yrobs mosicamTs 3710,

*) TpymHocTH, CBA3AHHEE C IOYTH COYAAPEANAMI, BOBEMKAKNT I B 3afadaxX
KJIACCHTeCKOl HeGecHOIT MeXAHUKH, B YacTHOCTH, TIPH HCCHENOBAHWI [BHKEHIIS
kKomeTH B cdepe meiicteua Gonpmoil unaders. (ITpum. ped.)
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paccMOTPUM CHeAyomui mpuMmep:
(1 —coss)z" — 2" sins + 2= 0. (20)

Jro ypaBHenme Juneinoe u nyeer Buy (19) ¢ pymrmueit f, onpenense-
Moil BHIpa;KeHHEM
z'sins —zx
=7, 21

f 1 —coss ( )
Ouesnano, ypasmemme mmeer ocobemnocts mpu s = 0. Herpyamo
TAKKe mpoBepurtb, 4To QyHKMuHU (I — cos s) m sin s ABIAIOTCA WacT-
HBIMH pelleHusMA u, TakuM obGpasom, ofmee pemenue nMeer BT

x=1¢ (1 —coss) + cysin s,

TA€ €y W_C; — OPOU3BOJNbHbIE MOCTOAHHbIE., JTa YHKUMA BCIOAY pe-
ryJisApHAs H NOKasbiBaer, 9To ocobeHHOCTH AuddepeHuaIbHOr0 ypas-
HeHHs1 He 06A3aTelbHO HPHBOAAT K 0COGEHHOCTAM ero permeHui.

Heob6xommMo cyestaTe HEKOTOpPHIE OTNOJHHTENBHLIE 3aMeYaHMS
OTHOCHTEJIbHO YHCIeHHHX pacderoB. Hu onma BhAucaAmTeNbHAA Ma-
ImMAHA He MOKeT IOMOYb NPOHTH Jepes Touky s = 0 nmpm aBToMaTHYe-
CKOM mHTerpEpoBanmm ypasHeHus (20), HecMoTpsa Ha To, 9TO HCKOMOe
pemenne ocraercsi peryiaspauM. Ilpm atom muterpmposamum moiy-
gaerca niau sHavenne z (0) = 0 u rorma f(0) B (21) cramosuTea meom-
penexennocrsio Bua 0/0, nan snavenne z (0) %= 0 u Torga f (0) o6pa-
maeTrcsi B 6eCKOHEYHOCTD.

9TOT IpEMep ACHO IOKA3KIBAET, YTO C TOUKH 3DEHHT BHUUCICHUI
peryiasipHocTh AnddepeHUHMANLHX ypaBHeHmi Ooliee BakHA, UeM
peryaspHocTs ux pemennit. Iloaromy mens peryaspusammm — moay-
9ATh HE PeryJdApHHEe (OYHKNUH, & PEryJaspHEH e
iupdepeEqnNalbHNEe YyPpaBHEHN A,

§ 5. Onnomepnoe nEBIsKeRme

CymiecTBennsie cBoiicTBa ocobeHnocT: mpm coymapernn xHamboJee
APKO NPOABJIAIOTCA, eCIH OrPAHMIUTHECA DPACCMOTPEHHEM J[BIKEOHUS
9aCTHIB JHITE BAOJb 0fHOM ocH z. OUeBHAHO, 9TO IPH ITOM FacTHIA
CTOJKHETCA C IeHTPAIbHON Maccoif, eclam TOJIBKO ee CKOPOCTL He Gy-
AeT BCerja HaIpaBJIeHa oT oTOd Maccel. Jitmep [5] nmepBuiM usyuma aro
sIBIICHNE M HPeJJIOKII MeTOAbl PeryispH3anan.

IIpepnoaosknm, aro 2 > 0. Torpa ypasnenns nmwxenns (16) u ua-
Terpaj JHePrdM CBOAATCA LIS HEBO3MYIEHHOTO KemJIepoBCKOro
OBYKEHHS K BUIY

K2 Kz ; (-
£+§=0, ?—i‘ﬁ‘:hr, (22)
TAK KaK I = , v = ¢. JNeprus hy KeNIePOBCKOTO IBUKEHMHS 51 Jser-
FApag
Bis (opaonia

BRIy




18 IIPEJBAPUTEJILHBIE CBETEHHA [T 1

BoiGpacH BaHHe C HeHTPAJIbHOTO Tela COOTBETCTBYET HATAMb-
momy yeaosmio z (0) = 0 npn ¢t = 0. Cropocrs BubpaceBanms Gecko-
HETHA, KAK TO HeMe/JIeHHO CIeyeT u3 ypasHenns snepruu (22).

[epeiifem Temeps K HpeABAPUTE]bHOMY HCCIEI0OBAHNIO YACTHOIO
ciygan wynesoii omeprun ky = 0. lnrerpuposanue ypaBHeHUs dHEp-
rU@ JIerKo OCYIIeCTBIAETCA IyTeM DasfiefeHusl mepeMeHHBIX

s=KY L, Vidr=KVZa,

o (23)
.:23_ = KV2, z= ],/ %Kﬁ £,

Hauansroe yciosmne u mpepnoioxenne x > 0 Brmoanenst. B repmu-
HAX TeopHH (QYHKIHI KOMIVIEKCHOTO IepeMeHHOro 0cobeHHOCTh (23)
aBasiercsa Toukoit BerBiaennmsa. ['padux ma pue. 2a
II0KABHIBAET CJeIyImue CBoiicTBa ABmkeHAd. Ja-
cThma, mpuxoAaAmas u3 OeCKOHETHOCTH, OTpaKa-
eTcsi IIeHTPAJbHOM Maccoll m BeiGpackiBaeTcs B
feckoHEUHOCTE. BhIXoiHAA BeTBH 3TOr0 rpadmia
cuMMeTpEIHA BXojHOH BeTBm. B GeckonesmocTm
CKOPOCTH YaCTHIBEL MagAaeT 10 HyJs.

[epepiii mar peryaspuzauun. Hama nepBas
1edb COCTOMT B TOM, 9T00H MOJyYHTE peryiap-
Hele (yHKIINA, ONHCHIBAIOM(ME JBUMKEHHE, W nabe-
JKATh TOUEK BeTBJEHMs WIM APYrux ocobemmo-
creil, OcHoBEAA HAeA IpH BHIOJHEHHAH 3TOH 3a-
Ta9nu 3aKJ0YAETCA B KoMIeHcupoBaHun OeckoHeu-
HOTO BO3pACTAHUA CKOPOCTH B TOUKE COyJapeHHA NyTeM yMHOKOHHSA
4 HAa COOTBETCTBYjImMI CHRAJAPHBIA MHOMHUTeNb, obpamaromuics
B HyJb TpH cOoygapeHEnd. TaKEM MHOMHATENEM FABIAETCH CaMO
paccroaume. HoBylo mesaBmcmMyro mepeMeHHYI0 S BeIOMpaeM TakmM
o6pasoMm, 9To6b CKOpOCTH B QYHKIUH OT § PABHANACH L& HIH

= a2 (24)

7T
CHOI[OBaTBJIhIIO, HOBaA HepeMeHHaH, Ha3bIBaeMas gﬁunmuenbtﬂt 3p8-
MEHEM. , OHpe,lle.HﬂeTCﬂ TpBMH AKBHBAJIEHTHBEIMH B!:Ipa?-}{BHHHMH

%:x%, dt = xds, t-——Sxds. (25)

Z

Pue. 2a.

ITepexon oT 06paHOT0 K QHKTHBHOMY BpeMEHH 33/[deTCA COOTHOIIE-
HUAMHA

d 14
- zds’
A dr d
2 d(1d 1 d 1 d\_ ~ds dsds
EE‘E(?E):??(?E)“ 2%
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Ypasuenne nBukenns (22) m uuterpan pHepruu npeobpasywrced, Ta-
kum obpaszom, B
ax" —z2'? + K2z = 0, (26)

z'? = 2 (K*x — hga?), (27)

rfie ITPpUX yKaswisaer Ha qudpdepennuposanue no s. [locaennee coot-
Homenue npH coyaapernn faer ' (0) = 0. laa namwocrpanuu moaes-
HOCTH 9TOT0 peofpasoBannsa BO3BPATHMCA elne pas K caydaw hy = 0.
WUs ypaBuenns (27) cienyer

, . = — dx -
2'* = 2K, o' = V2K V7, V== V2K ds,

2Vx=V2Ks, z= —;—KW
H, HaKOHeI,
t =Sxds= % K3,

Bupgno, wto ofmo cooTHomeHme (23) 3aMeHseTcs JABYMS:
1 ; 1 :
p=g K%Y, t=g KA, (28)

mpejCTaBIAOMUME (QU3HIECKHE NepeMeHHHEe T, ! KaK peryJisapHbie
(GyHKIEA MaTeMaTHIECKOTro IapaMeTpa s. JTa MeTOAMKA yCTpaHeHWA
TOYKH BETBJICHHUA U3BeCTHA B TEOPHH
¢GYHKOHEA KOMIIEKCHOTO IepeMeH- it
Horo kak yHubopmmsamus. Dyik-
nun (28) msobpaskenst Ha puc. 26.
Fpagux ¢ maraagHo HOKABHIBaeT,
970 (QUKTHBHOE BpeMs 3aMeqsaer
KapTHHY ABIKEHHSI B OKPECTHOCTH
COyAapeHns, MOCKOABKY { MeHAETCH
B 5TO# 00I1aCTH 0OYeHD MEJICHHO,
Bropoit mar peryaapusanmi.

Ypasuerne asmxennsn (26) Bce eme L5~ 5
cuaryaapro. Jlafa mgorasarenncrBa /’
aToro sammmeM ero B gopme (19): /
z'? a
=f(sz), f=——K. oy 20

ITpu coynapennn G yHRIuUA f MeeT HeonpPegeIeHHOCTh BHIA (% — Ka).

Ho mam mepBHit mar peryisapHs3amul 0Kasajcsa yCOEUIHLIM, TAK KaK
pemenua ypasHeHma (26) — peryaapHsie GyHKmuE s. JTo Ciaemyer
13 toro, aro (27) aBaserca ciaeactmeM (26). IleiicTBuTenbHo, mepe-
nuceBasg (26) B 9KBHBaJCHTHOM BHfE

d fx'?y 9 &
#(F)=—2r25
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H WHTerpHpYH, IMoJydaeM
r ] 2
";—2 = % -+ const.
Taxum obpasom, ypaBHenne (27) MoKkHO mOmCcTaBuTh B (26), 910 Haer
B pe3yJbTare

2" 4 2hgx = K2 (29)

Pemenus sroro axementapHoro guddepeHnualbHoro ypaBHEHUA Ope/I-
craBiafpT cobolt abcoloTHO peryifpHeie QyHKUME s. BosHukaer Ta
jike CHTyanus, Kak u B § 4, npumep (20), Tak Kak MBI OBITaeMCH IO-
CT})OHTB IJEFYJIH[JHL\IG beHI{uHH HHTGFpHpOBﬂHEeM CHHI'YJIAPHOIO I[H(b"
¢epennmanpaoro ypasuenmsa (26). Heobxopumo moayduTs perynsp-
Hoe mabdepenimansnoe ypasueuune. Ilo oTo y:xe jocTurHyTO, LO-
CKONbKY ypaBHeHue (29) peryaspxo.

3Iech yMeCTHO NPOWLIOCTPEPOBATH Teopuio npumepom. IIpemcra-
BEM, 9T0 iy > 0, u 0603HaATAM 7151 KPATKOCTH

0 = é_-hK

Hak 6BI0 BEIACHEHO BhIlIe, X BHOpPACHBAHWI0 IPHBOJAT HAaYaJdbHBIE
yeaosas x (0) = 0, 2’ (0) = 0, m cooTBeTcTByMOmee pemeHue ypas-
HEeHAS [IBH/KCHHAS

z" 4+ 4oz = K?
nMeeT BHJ

& = 2o (1 — cos 20) (30)

t:Sxds:E(s—isin%s) :

4m? 2w

Homoxwum a = z% un BBelleM HoBoe Bpemsa T = 2wf. Torma Gymer

z=a(l — cos 2ws), T = a (20s — sin 2ws).

IToatomy B mepemeHHBEIX (T,x) TPAEKTOPHA ABIKEHHS IIPeJICTABIAET
cofoii mukdongy, o06pa3oBaHHYI OKPYKHOCTBIO pajmyca a, KOTopas
Katarca 6e3 CKOAbKeHHs mo ocu T (puc. 3).
I'apmonuueckuii ocnmaisrop. Brpamerune (30)
7= X sin? os

2w?
HABOJHUT HA MBICJIb, 9TO0 MOMKHO OOpeIe/]uTh HOBYHK KOOpPJHHATY U IIO
dopmye

z = ul (31)
Ecan mopcrasurs (31) B marerpan sneprum (27), To noaysnm pudde-
peHnuEaJIbHOE ypaBHEHNE

2u'? = K* — hgu® (32)
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B pesyaprarte ypasuenue aBuieniis (29) npeoGpasyercs K Bmay

., hg

U+ 5u=0. (33)

A monoskUTeNBHEIX 3HAYEHHE Ak aT0 AuddepennmHanbHOE ypaBHe-
HHE

u" 4+ 0u=20

ABJAETCA ypaBHCHUEM FapMOHHYECKOT 0 OCHUJIJATOPA C© qaCcTOTOH .
Ilpu mobom sHavenmn iy He X MW H e §i 11 0 ¢ ypaBHemme (22) Kemne-
POBCKOTO JBWKEHNA CBOAUTCA K IHHeHHOMY nuddepennn-
AJIBIOMY ypaBHenuo (33), KoTopoe MozieT OLITL NpPOMHTerpHPOBAHO

zl

= - - Awsq ———

Pue. 3.

B ojaeMeHTapHsiX Qymknmax. I[aa sajganumoro pukcmpoBaHHOrO BHAa-
ucHUA Koddunuenta hy/2 ypasuenme (33) mmeer aByXmapameTpuge-
Ckoe cemeiicTBO pememnuii. HeoGXomumo moguepkuyTs, 9To me mpm
BCeX BHAYEeHHAX nmapaMeTpoB 2TOTO ceMelicTBa pelmeHue npencTaBJasgeT
RCIIEPOBCKOE BWAeHNE, TAK KAK YHePreTHIeckoe cooTHolnenue (32)
MOKeT He BumoaHATLeA. H 0 Bce pemeruna aTtoro ceMe ii-
ctBa O6yagyT wmcecmoamrzoBatTbeda B raaBe VI
AddA NOCTPOEGHNA AUNPOKCUMANHANA BO3MyN|e H-
HB X 0op6urt Ha npakTuke MOKHO HOCTYyHaTh CICAYOMEM 00-
pasom. [ua sapammmx uHawansHmX ycxosmit z (0), # (0) B Moment
£ = 0 o0biymoro BpemMeHH HOJydaeM, HCHOMB3yA mpeobpasoBaEms
(24) u (31), mavambusie yemosus u (0), u’ (0) B MoMenT s = 9 Phuk-
tuBHOro Bpemenu. [lomcrasisna otn sHagvenns B (32), HaxomuM Ben-
qmny hyi. Tem cambM onpefexsiercs AuddepeHnuaIbEOe ypaBHeHNe
(33), rotopoe pemaerca npu HavadbHENX ycaosmax u (0), u’ (0).
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§ 6. Marpuupt

Muorue nociaepyoiue GOPMyJIHPOBKE yHPOMATCA € BBEJACHHEM
maTpmuHEx ofosmavenmit. Mur mpepmoqaraeM 3HAKOMCTBO THTATEIS
¢ OCHOBHBIMH TOHATHAMH H IpaBHJIAMH MaTpHIHOTO HCYHCJIeHHA, HO
Bo mabe;ramme HejopasyMenuil mpupesiem naubonee BaKHHE COOTHO-
meHnnA.

IIycrs A — KBajpaTHas MATpUIA, UMEOMAs 7 CTPOK, H myCcTk
BEKTODHI o U 7 IPECTABIAIOT coboil cTonbIeBbIe MATPHIL C 12 KOMIIO-
Hexramu z; u Y; coorsercrBenno. CooTHomeHue

y — A W

ABIASTCA MATPUUHOL 3aNACHI0 IHHelHoro mpeobpasoBaHus
n
Yi== D) Gadi, (2)
k=1

rae aj, — saementst A. Ecam marpuny, TpPaHCIODOHEDOB A H-
Hylo K Martpuie 4, 0603HAINTH Tepes AT, To (1) sKBUBAJEHTHO CO-
OTHOIOeHHIO

y' = xTA”.
3pech 2T m yT — CTPOKH 72 KOMIOHEHTAMU Z; H Yf;. CranrapHOE
npomsBegenme (X, y)BEKTOPOB X U Y OHpeeaaeTCA dopmyaoi
(2, y) = =Ty. @)
Ilns moGoro BekTopa X HMeeM
(A, z) = (Ax)'z = (@™ A") 2 = x’ (AT:) = (2, A"2).
Takum o6pasom, JuHeilHsl onepaTop A MOKHO CJABUIaTh B CKAIAD-

HOM MPOM3BEJEHUHA OT OJJHOr0 MHORHTENA K APYTOMYy IpH yCJAOBHH,
970 OH IpH 9JTOM TPAHCIOHHPYeTCH. Bo MHOrmx mociefymoIlHX
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BEIBOOAX 3TO Ba;KHOE TOIEeCTBO
(A, 2) = (3¢, A"%) (4)

6ymer ymorpebasThesa Ges cuenmanpHbix cehmok. MaTtpana A nassiBa-
ercA OpMO20HAALHOL, eClH

ATA = cE, G)

rme ¢ — ckanap, a E — egmamynas Martpmua *). OueBmamo, d4ro
¢ ABaAerca Hopmol moboro cronbma Marpmmbl A, T.e. CKAaJIAPHBIM
npom3pefennem croiabua Ha ceba. Ilpu ¢ 7= 0 momyanm

L 1
A1=?Aﬂ AAT = ¢E. (6)
3T0 IIOKa3eBaeT, 9T0 CTPOKHA TaKHe UMeT HOPMY C.

§ 7. OuxrusHOEe BpeMsA

B atom maparpade Mb HPHCTYIHM K peryifgpHu3anull ypaBHEHH
nemxenma B mupocTpancree (1.16). Hax m B ogHoMepHOM caydae
B § 5, yBeIwdeHHe CKOPOCTH IIPH TeCHOM CONIMKEHWH MO0/KHO KOM-
HNEeHCAPOBATHCA CKAISPHBIM MHOKHETeTZeM, obpamaiomuMcss B HYJIb
IpH COyAapeHnH He3aBHCHMO OT HanpaBienns cOamxennsa. Iloaxons-
IMUM MHOKHATENeM ABJIAETCA pacCToAHne OT HBHTpaJ’IBH{)ﬁ maccsl. Ilo-
aToMy QUKTHBHOE BpeMsa ompejeasercs GopMyaaMu

%:r%, dt =rds, t=Sr'ds. )
Ecan memonbsoBaTh pUKTHBHOE BpeMs B KavecTBe He3aBHCHMOM mepe-
MeHHoit, To ypaBHenms Asmwrenud (1.16) **) mpumyr Bujg

r:x:”—r'ﬁ-i—K%c:ﬁ(—%—}—P), P =it 8
Kax um opesspge, mtpux ywaswiBaer Ha AupdepeHnmpoBaHHEe IO .
C yuerom cooTHOmeHHA
vt = (%, &) = 5 (&, ®) = 5@
ypasrerus sHepruu (1.16) MoxHO BanmcaTs B popme
=B L Rl 9)

he =7 — g

*) B auteparype ofmYHO NPHBOAATCA [BA APYTUX oOpefielleHHA OPTOro-

HAJTLHOCTH:
a) cRaJiApHOe NpPOW3Be[eHNe IBYX PasiHYHHEX CTONOmOB paBHO HYIW,

6) ATA = E.
#%) Pumckas mudpa B ccHIKe Ha PopMyTy o3HAaYaeT HOMEp IMaBH, B KOTOPOii
nansas GopMyaa moMeniesa.
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Harouen, saxcunt suepruu (1.16) npumyT Bupg

hie = (% x) — (P, ®), W=—rZ (@ x). 10
OTtHOCHTCIBLHO nochiednero ypaBHeHHMA HaIOMHHM, YTO Vv npenmoJia-
raercsa 3ajjaHHOll (yHKIUeld YeThipex H e 3 a B H C H M Bl X IepeMeH-
HEIX £, &, &y, %5 IloaTOMy ee 9acTHYI0O HPOM3BOAHYIO IO ! HEIb3s
saMeHATL AuddepeHnUpoBaHUEM IO §.

O6wiuno ypasuenua (1.16) ofpasyior cucremy Tpex mmdpdepen-
IUAJBHBIX YPABHEHHH OTHOCHTEJLHO HEHW3BECTHHIX BEIHYHH I, T,, Iy
Kak Gyakmmi ot . O6muil mopsAAOK CHCTEMBI PaBeH ITecTH. JTH ypas-
HeHMA 3aMeHsI0TCA cucremoil (8) oTHOCHTeNBHO HEM3BECTHHIX £, I,
Ty, 3 KaK QyHRKumA OoT s, @ obmuit mOpAJOK CHCTEMBI DABeH CEMH.
Taknm o6pasoM, MBI BCerja AOJIKHBE PacCMaTpuBATh 00BIYHOE B P €-
Ma ¢ B KavYecTBe dYeTBepPTOH KOODHAHHATH
9aCTHIL, DONIe;Kamell ompejeleHHI0 BO BpeMs IBIKEHHA.

Ypasuenus (8) Bce eie CHHIyIAPHB, TAK KaK, paspemas uX 0THO-
CATEIBHO cTapuIied TpOM3BOAHOH, HOJdydaeM

, ', K? o f OV
u, TakmM o0Opa3oM, mosABJIsieTcA omnacHHE 3HamemaTensb r. llooromy
HY;KHO mepeiitn K peryiaspmsammu. B § 5 peryaapmsanusa Owsna fmo-
CTUTHYTA mofcTaHoBKoM B ypaBHenme (I1.26) murerpana smeprum, HO
B paccMaTpHBaeMOM TPeXMEPHOM cjydae 3To HHIeTo He AaeT. B caeny-
omeM naparpade meoGxoguMas MeTOAHKA peryJjApH3aNud pa3BuUBA-
eTca CHAyYalja Jas ABHEHHUA B IIOCKOCTH.

§ 8. Jlemkenne B miocKocTH

v
ITpepmonoskum, 9T0 BeKTOpH 2, P, ol durypupymommne B 0CHOB-

IBX YPABHEHWAX ABWKEHHA, HMET HyJeBYH TpPeThi0 KOMIOHEHTY.
Torpa gacTuna 6ymer Bcerja HaXOAUTHCA B MIIOCKOCTH Ty, Ty, HA3BIBAL-
Moit pusmaeckoll miaockoctsio. [laA Toro 9ro6H BHIOMHHTH HE00XO-
AuMEI BTOpOI mar peryiaspusanum B ABymepHOM ciaydae, Jlepu-Un-
BATA HMCIOJB30BAJ Ty ;K€ METOREKY Bo3Beflenma B ksajpar (1.31),
KOTOpaf OKazalachk ycnemHoil B ogomepHoM ciaydae [6]. O6obuienue
(I.31) nmocruraercs, ecam paccMaTpuBaTh 3TO ypaBHEHHEe Kak COOT-
HOIICHHe MEKAY KOMIUIeKCHBIMEH mepemenHEMu. Tanrmm obpason,
BBOMATCA KOMIJEKCHBIE wiciaa (r, - iz,) @ (¥, - iu,) W ycramaBiu-
BaeTcs orobpaskeHne :

T+ ixg = (W + i)’ (11)

MIOCKOCTH Uy, Uy HA PU3HIECKYIO TNIOCKOCTD.

.
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BB paxpmeiilmeM MCOONB3yeTcsA CJelyiolad TePMHHOJOTHA: &y,
Iy — KOOPHAUHATH, U,, U, — LAPAMETPH, ILNIOCKOCThL U, U, — Tapa-
MeTpHYecKasa IIOCKOCTh, TOYKA (U, U,) — HmapaMeTpHyecKas dacTm-
Ia, ¥ — BEKTOP IOJIO}KeHHA IapaMeTpHUeCKOH dWacTHOEL (¢ KOMIo-
HEHTAMH Uy, U,).

Xopomo m3BecrHo, 4To oTobpaykenme (11) mapamerpmueckoit
IVIOCKOCTH Ha (JUBHIECKYI0 BO3BOJMT PACCTOAHHA OT HAZaja KOOPLH-
HAT B KBajgpar, T. e.

r= (u, u) = |ul’. (12)

Benmunee yriaos B Hauale KoopamHAT yAasamBaiorced. Ciemopa-
TeJBHO, YACTHIA, COBEPUIMBIIAA OfMH 0GOPOT BOKDPYT IEHTPAJLHOMN
Macchl, oTo6pazkaeTcss B TOYKY mapaMeTPHIECKOl MIOCKOCTH, CHeaaB-
myio auums modoGopora. O6pas roukm (z,, z,) TpoINe BCEro HAKWTH
H3BJIeYeHNEM KBaJpaTHOrO KODHA M3 PACCTOAHHA W JeleHHeM IoIo-

naM moJsApHOro yria. B BemecTBeHHEIX mepemeHHEIX npeolpasoBanme
Jlepm-UnBHTa MO;KHO 3ammcaTe B BHIE

z, = ui — us, Ty = 21Uy, (13)
JupdepeHuupys, moNyIuM MATPHIHOE COOTHOIIEHHE
Ty ) g —uay (W

ITpeptinymme ¢opMydsi mpmEEMarT Gojee KOMIAKTHRIM BHI, ecad
BBecTH Mampuyy Jesu-Jueuma

uip —u
L(u) = (uz uf) y (15)
3aBHCAMYIO OT BeKTOpa moaokeHud w. M3 (14) Torma caegyer
x'{= 2L (u)'w/, (16)

", Kpome toro, npeobpasosanne (13) npegcraBumo B MaTpmaHOM 0603-
HAYeHHWH B BHJE

x = L(u)u. 17

IlepeuncinM HEKOTODhIe BAKHBIE CBOMCTBA L-MAaTpHIIHL.
1. L (u) oproronainua, Tak Kak

LT (w) L (w) = (w, w) E =rE, (18)

L () = {u’iu] L™ (u) = - L" (w). (19)

910 mosBoxder pazpemnrs (16) ormocurennro w':

’ 1 " r 1 ’
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2. Daements L (w) ABIAOTCHA JTUHEHAHKMHA H OMHOPOAHHMEA PYyHK-
musamMa napameTpos uj. ClremosaTenbHo,

L(w =L @) (21)

3. Ilepssiit cronGern L (w) mpefcraBiaser cofodl BeKTOp MOTOe-

HHAA U.
Haxomem, maM moTpefyioTCA [{Ba TOMKIECTBA, CIPABENINBLIE A

IBYX NIPOH3BOJIBHBIX BEKTOPOB U, ¥ HapaMETpH‘IBCROﬁ IIJOCKOCTH.

ITeproe m3 HAX
Luw)v=L((w)u (22)

He TpebyeT HMKaKAX moscHennit. Bropoe TOKAECTBO
() L(®) v — 2, ») L(w) v+ (v, 0) Lw)u=0  (23)

MOKA3HBAETCS CISY0MuM 06pasoM. YMHO KA CileBa Ha L™ (w) m nop-
crasiasa (19), monydaeM sKBABAJEHTHOE COOTHOIIEHIE

LT (w) L (v)v — 2 (u,v) v+ (v, v)u=0

A
(L7 (w) L (¥) — 2 (u, ) E] v = — (v, ) u. (24)
Marpuna, croAmas B cxoOKax, mpEBOfATCA K (opme
(: u1vy — U2l : uive —i_- uam) :
uav1 - wivs UaDs — ULVL

@ Torja To;kAecTBO (24) mpoBepsAeTCs HEMOCPeACTBEHHBIM yMHORE-

HHEEM.
Temepsr Hamm judpdepeHnnaipHEE ypPABHEHHA MOKHO 3aIMCATH

B mepemeHHHX %. HaumeM ¢ ypasuernit aemrerns (8). Ilpu arom
MHOTHe W3 BbIIenpHBefeHHHX (opMy GyayT HCIONB30BATBHCA Ges
aBHHX cchuiok. M3 (16) myrem jauddepeHIHPOBAHAA MOTyTaEM

o = 2L (w)u’ + 2L (w)'u' = 2L (u)u’" + 2L (u')w'.

IloaTomy ypapmeHms (8) mpeofpasyiorcs B CIeJyIOmMee:
2 (w, w) L(w)w' + 2 (w,w) L(w)uw'—4(u, w) L (u)w+ K2L(u)u =

- (u,u)s(—%—i +P), (29)
e WCIoJB30BAHO COOTHOIIEHHE

r=(u,w) =2(u,u).
Y papmenne (25) ynpomaercs mocTaHoBKoi ToMKAecTBA (23), mpmMe-
HEHHOTO K BEKTOpaM ¥, U :
2 (w, w) L(w)u" —2(u', u) L(uw)u + K*L(uw)u =
= (u, u)3(— %b: - P) "

il
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YMmuokerueM caesa Ha L' (u) oHO nNpHEBOAUTCA K BHAY

2w, w) " + [K2—2 (v, w)]u = (w, u)zLT (2e) (-— %_—‘; 4+ P)

HIn

=

K— S (u“! “’)

' -+

Martpuna LT (u) B mpaBoil gacTu JoJHA ObTH yMHOMKeHA HA BEKTOD
B crobrax. Coornomenne (26) mpemcraBiaser coboil BeKTOpHOE ypas-
HeHue ABKEeHHA napaMerpuieckoil gactuusl. Ecin HEKAKUX BO3MY-
IMeHWir HeT, To mpaBas YacTh PaBHA HYJI0 W MOJYIATCA ypaBHEHHe
rapMOHMYECKOr0 OCHMIIATOPA NPH yCJHOBHM, ITO KOBYPUIHEHT IpH
w mocrosinex. Mur He Gymem obcympars (26) moapobmo, a cpasy me-
peiiieM Kk 06meMy TpexMepHOMY CIydamw.

i (u,zu) LT(H) (_%% % P) ) (26)

(e, u)

§ 9. /Ipiskenne B DpocTPaHCTBE

EcTecTBeHHbH mOAX0A K Bajlade peryisipusanun 3akIovanca 6
B TOCTPOGHNN KBAJPATHOH TpexcTpOYHON MAaTpmip, obirapaiomiei
IepedInCTeHEFIME BHIIE XapakTepHHIME cBodicTBamm 1, 2, 3 L-marpu-
mu. B raase X1 Gyfer mokasaHo, 9T0 3TO HEBO3MOKHO.

TaxkmM 06pa3oM, TOMBITKA BRBeCTH TPH IApaMeTpa U;, Uy, Uy BeJleT
k meymawe. Jlepn-UmBnra IpUIOKEI MHOTO yCHini, 9T00b HalTH
taxoe o6obmenne, Ho Geaycumemuo ¥). ITo, DO-BUANMOMY, HOCHYHKHIO
IpHIEHON TOTO, 9TO ero 3aMedaTe]bHEIE MeTOJ He omuCaH B 60Jb-
muHcTBe y9e6unKoB no HeGecHoll MexaHHKe.

WUpes mpeofoixenus orofi TpymHocTm mpuHaadexnt HycraaHxei-
Mo [7, 8]. O mpepoua UCnoab30BaTh JOCTOMHCTBA METOJ0OB TEOpHH
CIMHOPOB, B3AB MAPY KOMIUIEKCHBIX 9HCEN H, TAKEM oGpasoM, 0600-
MUB OJHY KOMIVIEKCHYI0 mnepemennyio Teopunm Jlesu-Umsmra. Ha
A3HKE BEMEeCTBeHHOr0 AHAJNH3A 9TO SKBHBAJIEHTHO BBE[GHHIO IeThipex
mapaMeTpoB U, Uy, Uz, Us. TaKoe HCKYCCTBeHHOE yBelwdeHHE CTere-
Helt cBoGoMpl, KOHEYHO, BiaedeT 3a cob0lf HeKOTOpHIE TPYAHOCTH, HO
OHM JETKO IIPe0J0JuMEI.

KS-matpuna. B xawecrse o6obmenusa maTpume Jiesn-Uneura
BO3pMEM MATPUIY

up —uz — U3 Uy
uz 1 — Uy — U3

L (u’) =\ us Uy ux ugz | ? (27)
uy — Us uz — 1

*) Ha'inerHasa Jlepn-UupnTa peryaspisaigis JUia TPOCTPAHCTBCHHOTO ClYy-
gas BKJIO"aeT B ceGa npeofpasopanie He TOJLKO KOOPANNAT 4aCTHIE, HO U KOM-
moHeHT cKopocti (§ 33, npumep 4). Ee HefocTaTKOM ABIACTCA MOABIEHHE HCKYycC-
CTBEeHHOI, He duanyeckoii ccoleHROCTI B YPABHCHISNX ABIKeHHA. DTa PerylsapI-
3auus JeTadpHO paceMoTpena B Kypce Yunrmepa [39]. (ITpum. ped.)
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rie ¥ — 4-MepHHIT BeKTOp ¢ KomMmoHeuramu u;, j = 1, 2, 3, 4. B ie-
BOM BepXHeM yTrJy HaxomuTcda Mmatpuma Jlesm-Uusmrta, onmcanHas
pagee. G meabro HCmOTB30BAHUA MATPHYNLIX obo3mauennit ymoGHO
OpHHEATEL clefiyloliee cordamenue. Bekmop (zy, x,, Z3) (fuauueckozo
npocmpaHcmea asmomamuyecku Oonoansemcs 00 4-meprozo eekmopa
& dobaeaeruem wemeepmot Hyaeeoti Komnonenwmsl. Torna mo aHaJIoTHA
¢ (17) moxHO ompefennTs nmpeobpasoBaHue

x=L(u)u. (28)

B moppo6Ho#t 3anmcn 0HO WMeeT BUJ

— g2 2 2 B _ ’
Tyo= Uy — Uy — Ug + Uy, Ty = 2 (WU, — Ugly),]

Ty = 2 (Uylg+ Uslty). (29)
flcro, 9To 4eTBepTad KOMIOHEHTA X TOKAECTBEHHO pasBHA Hyww. Ta-
Koe obo6menme npeobpasoBarus Jlesu-UuBura nasmsaerca KS-npe-
o6pazosaruem *).

OcHoBroe cBoiictBo 1 § 8 coxpamser npm atom cmuy. [eiicTsn-
TeabHo, K. S-MaTpnma oproroHaJbHA, TAK KAaK
L" (w) L (u) = (u,w) E. (30)
Orcroma BHITEKaeET
ri=(a, 2) = 2 ¢ = u’ LT(w) L (u) e = (u, w) u"u = (u, u)?,
r=(uw,u)=|ul

| en

dro ypasHenne obobmaer (12). CoxpaHsier cBo# BuJ W COOTHOINE-
ane (19):

. 1
s (u, u)

L" () =+ L” (u). 32)

Ouesnaro, uro KS-matpmima obiamaer Tawke cBodctsamum 2,3 § 8.
Taxum obpasom,

L(uw) =L ). (33)

Mosker Bo3HEKHYTH HeGoabIIOE pa3odapoBaHme B CBA3H C TeM, 9TO
HemocpecTBenHoe npumeHenue npasui (22) u (23) smech HEBO3MOs:i-
mro. Hagmem ¢ (22). IlepBhie TpH KOMIOHEHTH BeKTOpoB I, (u) v u
L (v) w coBnajfaoT, HO 9eTBEPTHI€ KOMIIOHEHTEl HMEIOT MPOTHBOTIOI0K-
HHE 3HAKH. TeM He MeHee cIpaBellinBa

Teopema 1. Ecau dsa sekmopa w, v ydosremeopaiom coomuo-
WeHU0

ugvl — u’3v2 + u2v3 — U Uy = 0, (3‘{[)

*) B paGore ®onpka [40] Gwuio nbkasano, gro KS-mpeobpasopaEme Bhlte-
KaeT eCTeCTBeHHHIM IyTeM W3 CTPYKTYpPH o6mero pemeHNs 3ajawi ABYX Ted.
(ITpum. ped.)
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L(u)v =L (v)u.

Cootnomenune (34) HaszwiBaeTcs GuauHelnbim coomHowenuem. Ono
ArpaeT OCHOBHYI DOJIL B HAmIeM IOCTpoeHNEm HeGecHOH MeXaHHKH.
ITepeiinem k mpaBmay (23).

Teopema 2. Ecau dsa eekmopa w, v ydosaiemsopaiom Guaureii-
HoMYy coomuowenuto (34), mo

(w,w)L(v)v—2(u, v)L(u)v+ (v, v) L(w)u =0. (35)

BrOoBL 5T0 mpoBepsercs /IS 3KBHBAJIEHTHOTO NpeACTABICHUSA
(24), a uMenHo:

LT (w) L (v) — 2(u, v) E]v = — (v, v) u. (36)
ITepsaa crpoka MaTpuusl B CKOGKAX COCTOUT M3 HIEMEHTOB
(— wavr — UgDy — Uy — UgDy),
(— Wiy + Ugdy + Uz, — UgDy),
(— urvg — Uy, + Uz + Uyv,),
(Urvg — Uavg + Uz — UgDy).

Jlesas gacts (36) Tpebyer yMHOMKEHHA 3TOH CTPOKH HA cTOJGel ¥, UTO
Jaer

2 2 2 2 .
(—uvy — U3 — Ugvs) + Uy + 204 (—UgVg + Ugly — UyY;) =
2 2 2 2 5
= —u; (v} + 03 + U5 + V)) + 204 (a0 — Ug¥y + UsDy — Ugly).

C ywerom (34) aTo paBHO mepBOil KOMIOHEHTe BEKTOPA B IPaBoil 9acTh
(36). OcranpHbIe TPH KOMIOHEHTH BHTHCIATCA aHAJIOTHIHO.

Hemnocpegetsernas mpoBepKa paccMaTpHBaeMOTO TOKOECTBA He
ogeHb yAOBJAeTBopuTenbHa. Bosee riaybokoe sHauemme (36) BhIsic-
Hsercsa B raaBe X| mocae TmaTeabHOro W3yYeHHS TeOMETPHYECKHX
croitcte K S-mpeoGpasosanns.

Ypasnenus geickenus. B cayvae miockoro pmmenua (§ 8) o
Hagadu ¢ ypapHeHmH (8) ANA KOOPAMHAT z; W MOJAYYMIH ypaBHeHmMA
(26) mas mapameTpoB uj;. ITOT HMPAMOH MOAXO0J HEAb3Sl MOBTOPHTH B
paccMaTpmBaemMoM TpexMepHoMm ciaydae. [lpmunna saxiogaerca B ToM,
aro KS-upeo6pasoBanme HeONHO3HATHO npH mepexofe oT & K u. Cy-
MecTBYeT I[eJ0e OJHOMEPHOEe MHOM(ECTBO BEKTOPOB %, COOTBETCTBYIO-
IIAX JaHHOMY BeKtopy 2. EnuHCTBeHHHIA nmyTh usbekartsh 3Toll TPyH-
HOCTH COCTOHT B NOCTY/JAHPOBAaHEH ypaBHeHuil (26) m npoBeprm Toro,
9TO HpH 3TOM YJOBJIeTBopATCA crapsie ypaBmeHudA (8). Hecroanko
TOIOJHHUTENBHHX TEOPEM MOMOTYT B MOCTIMKEHWH TOH I[ejIm.

ITpeskne gem paccMoTpeTh BTH TeopeMbl, HEOOXOMEMO chedaTs P -
3aMe4YaHHi OTHOCHTEJIBHO HAYAJbHBIX YCJIOBHA Hamux auddepeHnm-
anbEEX ypaBHeHmil. IIpemmomo:kmm, uwto B MomeHT s = 0 BamaHm
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navadpubie 3HaveHnd x (0) u o’ (0) pyuxmuit o (s) u a' (s). Mer mpep-
JaraeM MOCTPOUTh COOTBETCTBYWINMe Hagadbusie sHavenma wu (0),
u' (0) caexyromum oGpaszom. Bo-meperix, u (0) BmGmpaerca mpoms-
BOJIBHO Cpeju BeKTopoB, coorBercTByomux % (0) no K S-mpeofpasora-
unio (29). YuurwBas, aro peds uper o6 obobmenunm mpeobpasoBaHudg
Jlesn-Uusmra, ompenensem, Bo-Bropsix, ©’ (0) mo popmyme (20):

1 ’
w (0) = TIW)T?LT(“ (0)) 2" (0). (37
Takum oGpasom, w’ (0) HaxogmTeA oAHO3HAUHO mociae Bubopa 2¢ (0).

Teopema 3. Paccmompum awboll sekmop ¥y ¢ ghusuneckom
npocmpatcmee. B coomeememeuu ¢ cosiawenuem 6 Hawaae 9mozo
napazpaga ezo0 Heobzodumo paccmampueamv Kak 4-MepHbl 6eKmop
¢ HYaeeoli uemeepmoil Komnonenwmotd. Onpedeaunm v gopmyaoi

v=L" (u)y.

Tozda u u v ydosaemeopaiom GuaunetiHomy coomuouenuio (34).
Hoxasarteasbcrtso. Jlepaa wacrs (34) aABmaaAercsa gerBep-
TOM KOMIOHEHTOH BEIpaykeHUsA

L(uw)v=Lu)L"(w)y = (u,u)y.

Jra yeTBepTad KOMIIOHEHTa paBHA HYJI, KAK 9TO CAeAyeT H3 IpHHA-
TOro COTJAlleHHuA.
Caenyomue ABa CIefCTBAS IOHAA0OATCA B NaTbHeHIIeM.
Teopema 4 Hauasvhue sekmopuiu (0) uw' (0) ydosiemesopa-
om O6uAuHeiHoMY COOMHOULEHIIO

Uy (0) u; (0) — w5 (0) uz (0) + u5(0) uz (0) — uy (O)ug (0)= 0.

dT0 CTAaHOBHUTCS OYeBHAHEIM IIOCHEe NpPHMEHEHHA TEOPeMHl 3 K
y = «' (0) m ncnoaszoBanusA onpefenenus (37).
Teopema 5. Ilpasas wacmev ypasnerull (26)

__(u,uw) T av e
Q=11 w) (-5 +P) (38)
ydoeaemeopaem OUAUHEUHOMY COOMHOULEHUID
uQr — usQy + Q3 — uiQy = 0. (39)
3/ech HY;KHO IOJOKUTH
av
Y=rs-} P.
[lepeiigem namee ¥ ypaBHeHuaAM (20)
Y (', u')
u' -+ u=qQ, (40)

(u, w)







