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Radio Interferometry

This chapter describes principles and general features of radio interfer-
ometry as the basis of the VLBI.
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1 Fundamentals of Radio Interferometry

1.1 Two Explanations of VLBI

Two quite different explanations on principles of Very Long Baseline Interfer-
ometry (VLBI) are given in the literature. The two alternative explanations
are illustrated in Figure 1.

i
VLBI VLBI = &7

Figure 1: Receptions of noise (left) and monochromatic wave (right) with the VLBI. See
Figure 2 for notations s, D, 0, and 7.

1.1.1 VLBI System

The VLBI system itself is described in almost the same way in these two
explanations:



Two or more antennas are located at distant stations. They ob-
serve the same radio source at the same time. The observed data
are recorded on magnetic media, such as magnetic tapes or hard
disks, with accurate time marks generated by independent, but
highly stable and well synchronized, clocks (or, better to say, fre-
quency standards). The recorded media are sent to a correlation
center, where they are played back and mutually multiplied and
averaged (integrated) for some duration of time. This “multi-
plication and integration” procedure is called the “correlation
processing”.

Nowadays, this description of the VLBI system is a little obsolate,
since recently observed data are often not recorded but transmit-
ted directly to the correlation center via high-speed communi-
cation networks, as we will see in Chapter 4. Nevertheless, the
essence, i.e. the correlation of independently time-marked data
obtained at distant stations, is kept unchanged.

1.1.2 Geometry of Observation

The geometry of the observation is also presented in a similar way:

Figure 2: Geometric delay 7,. D: baseline vector connecting reference points of two
antennas, s: unit vector directed towards a radio source, #: angle between s and a straight
line perpendicular to D in the plane formed by D and s, and c: light velocity.

The radio wave from the same radio source must travel slightly
further to reach antenna O (left hand one in Figures 1 and 2) after
reaching antenna [ (right hand one), with a small time delay. A



main part of the delay is determined by geometric configuration
of the antennas and the radio source, as shown in Figures 1 and
2. Therefore, this is called the “geometric delay” and denoted
by 7, in the Figures. In terms of the baseline vector D and the
source direction vector s, the geometric delay is given by

D-s Dsinf
Tg = c = c ) (1)

where ¢ is the light velocity and # is the angle between s and a
line perpendicular to D in the plane formed by D and s.

The difference begins with the treatment of the signal from the radio source.

1.1.3 “Geodetic” Explanation — Noise Approach

One explanation, shown in the left panel of Figure 1, which is favored in
geodetic VLBI, regards the signal as a random noise time series arriving
at two antennas with the geometric delay.
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Figure 3: If we have two identical random noise time series one delayed behind another by
74 (Left, Top and Middle), their product fluctuates around zero (Left, Bottom). Therefore,
if we time—average the product we always get nearly zero result. On the other hand,
when the delayed series is time-shifted by 7,4, and the two time series get completely
aligned (Right, Top and Middle), their product is always non—negative (Right, Bottom).
Therefore, if we time—average such a product we get some positive result.

If we simply multiply and average the two played-back data
streams recorded at the same time, we must get a nearly zero
result in most cases, since we are in effect averaging products of
two random noise time series, which is also random noise, with



all possible positive and negative values, as illustrated in the left
panel of Figure 3.

But if we shift the playback timing of the record from the antenna
U exactly by the geometric delay 7,, while keeping the playback
timing of the record from the antenna [J unchanged, then the
noise patterns from the same source in the two records [J and [
get completely aligned. Therefore, the product of the two time
series always gives non—negative values (since plus times plus is
plus, and minus times minus is also plus) and the integration
yields some finite positive value (right panel of Figure 3).

Thus, we “get the correlation” in the correlation processing (i.e.
the multiplication and integration) of the two records. By care-
fully adjusting the time shift value so that the maximum correla-
tion is obtained, we can precisely determine the geometric delay
with an accuracy of 0.1 nsec (1071° sec) or better, which is suf-
ficient to determine the plate movements of the continents with
typical speeds of a few centimeter per year.

Mathematically, if signals v1(¢) and v (t) received at two antennas
0 and O are mutually time-shifted white noises n(t—7,) and n(t),
then multiplication and time averaging give us

v1(t) va(t) o n(t—7,) n(t) o o(7y),

as far as we approximate the time average by the statistical en-
semble average, where () shows the averaging and §(7) is a delta
function of 7.

So, the correlation processing gives non—zero result only when the
geometric delay 7, is well compensated (and therefore 7, = 0).

1.1.4 “Astrophysical” Explanation — Monochromatic Wave Ap-
proach

Another explanation, shown in the right panel of Figure 1, which is fa-
vored in astrophysical high-resolution imaging VLBI, regards the signal as
a monochromatic sine wave.

Two waves from the same source with an angular sky frequency w
arrive at two antennas, giving rise to sinusoidal oscillations with
a small time offset 7, due to the geometric delay. Let the played-
back data vy(t) and v,(t) from antennas 0 and O be proportional



to sin(w(t — 7,)) and sin(wt), respectively. Their product is then
proportional to

v1(t) va(t) o sin(w(t—7,)) sin(wt) = %{cos(uﬁg)—cos(2wt—ng)}.

It is clear that the contribution of the rapidly oscillating second
term in the right hand side of the above equation, at a frequency
twice as large as the sky frequency (several billion cycles per sec-
ond, say), is almost nullified after time averaging (integration)
over some duration. Therefore, only the first term, which is pro-
portinal to cos(wt,), is left after the correlation processing, i.e.,

00 0200 % cos(wr,). (@)

This term represents a sinusoidal interferometric “fringe pat-
tern” on the sky, because the argument w7, varies with the
source direction s, or 6, in the sky, as shown in equation (1).
In particular, since wr, = 2mer, /A, where ¢ is the light veloc-
ity, and A = 27c¢/w is the wavelength, the fringe pattern reverses
its sign when the path length difference c7, changes by a half
wavelength \/2; as expected from the standard theory of inter-
ferometry. The angular distance corresponding to the separation
between two successive peaks of the fringe pattern is called the
“fringe spacing”’, as shown in Figure 4.

source
> \

diurnal motion
fringe spacing

point source

diurnal motion
fringe spacing

fringe oscillation fringe oscillation
W ¢ W t

Figure 4: Fringe oscillations of a point source (Left) and of an extended source (Right).

As an observed source moves in the sky due to the diurnal rotation
of the Earth, the source moves across the fringe pattern, and the
correlator output oscillates in time with the “fringe frequency”
wdr,/dt as we expect from equation (2). We call this oscillation
as “fringe oscillation” and illustrate it in Figure 4.



If we observe a radio source which is sufficiently compact com-
pared with the fringe spacing, the amplitude of the fringe oscilla-
tion must be just proportional to the intrinsic strength (the flux
density) of the source which is measurable, say, by a single dish
radio telescope (left pannel of Figure 4).

If we observe another radio source which is more extended than
the fringe spacing, on the other hand, contributions from vari-
ous elements of the source are mutually compensated in the cor-
relation processing, due to different signs of the fringe pattern
over the source extent, as illustrated in the right panel of Figure
4. Therefore, the amplitude of the fringe oscillation is signifi-
cantly diminished compared with that expected from the intrin-
sic strength of the source as a whole. The extended source is sort
of “resolved” by the fringe pattern. Moreover, the phase of the
fringe oscillation is also affected by the source structure.

Thus, the corrrelator output (amplitude and phase of the fringe
oscillation) contains information on the structure of the observed
radio source. Therefore, by analysing VLBI data obtained with
various fringe patterns, we can reconstruct a detailed image of a
radio source with surprisingly high angular resolution of 1 milli—
arcsecond (about 5 nano-radian) or better, which is sufficient to
investigate structures of quasars billions of light years away.

Each of these two explanations, if examined separately, seems clear and
internally consistent. But it looks as if they are explaining completely diferent
observational technologies, having no common feature at all.

Nevertheless, they are the explanations of the same VLBI, observing the
same radio source, with the same antennas, receivers, frequency standards,
recorders, and correlators.

Then, how can we understand the two explanations from a unified point
of view?

1.1.5 Superposition of Monochromatic Waves

Both of the above two explanations deviate from reality on the same point,
but in opposite directions. This point is the spectrum of the received signal
(Figure 5).

The noise approach implicitly assumes that the spectrum of the signal
is white, i.e. the amplitude of the spectrum is finite, and more or less con-
stant, in a very wide range of frequency. While this assumption may not
be too bad for the radio wave propagating in space, it is certainly not valid

10



w w
White spectrum in 'geodetic’ explanation. Line spectrum in ’astrophysical’ explanation.

w
But the reality is a 'band-limited white spectrum’.

Figure 5: Different source signal spectra assumed in the two explanations.

for the received signal, which must be band-limited due to the frequency
characteristics of the optical and receiving systems of element antennas.

The monochromatic—wave approach, on the other hand, assumes an in-
finitely narrow bandwidth, i.e. a line spectrum, when it talks about a wave
having a certain frequency. But this is, of course, far from the reality.

So, what will come out, if we take a more realistic picture, by summing
up monochromatic waves with different frequencies, spread within a certain
bandwidth? Figure 6 shows an answer.

Fringe Patterns with Different Frequencies within 10 % of Center Frequency Combined Cosine Fringe Patterns with Slightly Different Frequencies
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Figure 6: Fringe patterns of 11 monochromatic waves with slightly different frequencies
within a bandwidth which is 10 % of the central frequency (left), and their superposition
(right).

Here, we summed up 11 fringe patterns of monochromatic waves (left

panel of Figure 6), which have slightly different frequencies, distributed at
even intervals within a bandwidth B, centered at vy = wy /27, to generate the

11



superposed pattern shown in the right panel of the same Figure. The lower-
most curve, in the left panel of Figure 6, shows the fringe pattern cos(w;7,)
with the lowest angular frequency w; = 27 (g — B/2), while the uppermost
one shows the fringe pattern cos(w,7,) with the highest angular frequency
wy = 2m(vy + B/2).

The horizontal axes of both panels in Figure 6 show the geometric delay
74, multiplied by the bandwidth B, within a range of —2 < B, < 2. We took
the center of the horizontal axis at 7, = 0, since the noise approach predicts
that the finite correlation is obtained only when the playback timing of one
record is shifted by the geometric delay. This shift is made to align the two
records, as if the same wave front is received at the same time by the two
antennas. This is obviously equivalent to effectively reducing the geometric
delay to zero. Therefore, we assume the simplest case, where the source
direction is nearly perpendicular to the baseline, so that 7, ~ 0 from the
beginning.

We assumed here that the bandwidth is equal to 10 % of the central
frequency (vy = 10B).

1.1.6 Fringe Pattern Appears within an Envelope

The right panel of Figure 6 shows a rapid oscillation, enclosed by a more
slowly varying envelope.

The rapid oscillation has 10 peaks and valleys, within an interval of
A(Bt;) = 1. The number 10 here is nothing but the ratio vy/B. So, this
corresponds to the fringe pattern cos(wyt,) at the central angular frequency
wy = 211y, as expected in the monochromatic-wave approach.

But the fringe pattern here does not have a constant amplitude. Instead,
it is enclosed by an envelope which takes a maximum value at 7, = 0, when
the two time series, obtained from the same source with two antennas, are
most coincident with each other. This reminds us of the explanation of the
correlation result in the noise approach.

1.1.7 Peak of the Envelope

In order to see the point more clearly, we make our model still closer to
an actual continuum spectrum, by increasing the number of monochromatic
waves to 100, but keeping the same bandwidth (B = 14/10), and show
the superposed fringe patterns over a wider range of the horizontal axis:
—20 < Bty, < 20. The result is given in Figure 7.

Now it is evident that the correlation result of the superposed monochro-
matic waves has sufficiently large amplitude only within a small range of the

12



Combined 100 Cosine Fringe Patterns with Different Frequencies
1 T T T T T T
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Figure 7: Superposed fringe patterns of 100 monochromatic waves, with slightly different
frequencies, contained within a bandwidth equal to 10 % of the central frequency.

geometric delay around 7, = 0, which is roughly given by —1/B <7, <1/B.
Although there are a number of sidelobes due to the finite bandwidth, the
amplitude of these sidelobes rapidly decreases with increasing |7,|. Therefore,
Figure 7 is actually quite close to what is expected in the noise approach.

This means that we can precisely determine the geometric delay by care-
fully adjusting the time shift value of the delayed record against another
so that the two records are well aligned and the maximum correlation is
obtained.

Since the horizontal axis of the Figure 7 stands for BT, the larger the
bandwidth, the narrower the envelope is, in terms of the geometric delay
74. Therefore, the accuracy of determination of the geometric delay in the
geodetic VLBI should be inversely proportional to the bandwidth B.

1.1.8 Fringe Pattern for Radio Source Imaging

Now, as an opposite extreme, let us adopt a narrower bandwidth B = 14/40,
compared with the central frequency 1y, and look at a narrower range:
—0.2 < Br, < 0.2. The result is given in Figure 8, which clearly shows
the fringe pattern cos(wy7,), at the central angular frequency wy = 27y of

13



Combined Fringe Patterns within a Band 2.5% of Center Frequency
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Figure 8: Superposed fringe patterns of monochromatic waves, with slightly different
frequencies, contained within a bandwidth equal to 2.5 % of the central frequency.

the band, which is quite similar to the one expected in the monochromatic—
wave approach.

Therefore, we can conclude that the two explanations are talking about
two extreme cases, corresponding to the very wide and very narrow band-
widths, of a common signal, which is composed of the fringe pattern at the
central frequency enclosed by the envelope pattern, whose sharpness is de-
termined by the bandwidth. Geodetic VLBI uses the envelope pattern to
determine the peak position, which arises when the signals obtained at two
antennas are most coincident with each other, to get a good estimate of the
geometric delay 7,. Source-imaging VLBI uses the fringe pattern, which ap-
pears within a limited central range of the envelope pattern, to probe fine
structures of astronomical radio sources. Both tasks can be done with the
same VLBI telescope.

Although we could obtain, at least qualitatively, a unified view on the
apparently quite different two approaches, the above discussion assumed the
ensemble of a finite number of monochromatic waves, which are still not
very realistic. More rigorous treatment of the signals with band-limited
continuum spectra can be obtained in the so—called “white fringe theory”
(e.g., Thompson, Moran and Swenson, 2001), which is based on the statistical
theory of stationary random processes.

14



1.2 Elements of Stationary Random Processes

The radio waves coming from astronomical sources are mostly generated by
chaotic processes occuring in the source regions. For example, the thermal

Information
Reduction of theory
Theory of experiments
Statistical
physics
(Stationary) Random Process

turbulence
Spectroscopy

Economic
forecasting

Trends in
population

Quality
control

Data analysis

Polarization Digital
Receiver sampling
sensitivity

Figure 9: Statistical heory of random processes is a powerful tool for a variety of scientific
disciplines.

processing

radiation is caused by thermal random motions of atoms, molecules and free
electrons, while the synchrotron radiation emerges from random explosive
processes, which accelerate relativistic electrons in magnetic fields. Hence,
the electromagnetic fields, or the voltages in the receiving systems, due to
the cosmic radio waves, mostly show characteristics of the Gaussian random
noise time series, as the “geodetic explanation” assumed. A mathematical
tool, which well describes such a random noise time series, is the statistical
theory of stationary random processes. The statistical theory of random
(or Stochastic) processes has wide applications to many disciplines of radio
astronomy, as well as other natural and human sciences, as illustrated in
Figure 9.

In the antenna theory, the basic framework was the electromagnetics, and
the vector algebra was the main mathematical tool. In the theory of radio
interferometry, however, we will no longer newly deal with the electromagnet-
ics. Instead, we will intensively use the theory of stationary random process
as a fundamental tool for mathematical development of the interferometry
theory.

Therefore, we briefly introduce here basic elements of the theory of sta-
tionary random proces to the extent which will be needed in following discus-
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sions. For deeper understanding, one can consult with standard textbooks,
for example, “Probability, Random Variables, and Stochastic Processes, 2nd
Edition” by Athanasios Papoulis (1984) for theory, and “Numerical Recipes”
series by Press et al. (1988) for numerical treatment.

1.2.1 Basic Concepts

Random (or Stochastic) Process

A process x(t) is called “random (or Stochastic) process”, if it is a function
of time ¢, and, if its value z(t) at any time ¢ is a random variable, i.e., may
irregularly vary from trial to trial (see Figure 10).

If we characterize each trial of an experiment by an outcome ( of the

experiment, the random process can be represented as a function of both ¢
and ¢, i.e., as z(t, C).

x(t)
i
b
\\.\. P e \‘T‘\~_\
BN \,." PR ‘ = ~ .
e T N 2T T ey ~ L - triald
// \.__’ \ _”& B * o \.h\-:k.
T e .
A P X \ -, "~ trial 2
’/__.--\\ sl N PR |
L./ N — .
S e N e \I\ ~ trial 3
’ = f\\"\ __________ ¢ trial 4
LN Cony omm -~ trial b
\
|
0 t time

Figure 10: A random process is a function of time whose value at any time ¢ is a random
variable.

The random process is a mathematical model of any time—varying and,
in general, deterministically unpredictable process. The properties of the
random process are usually described in terms of statistical quantities, such
as probability distribution, probability density, expectation, correlation, co-
variance, etc.

Probability Distribution and Probability Density
Let us first consider a real random process x(t).

Let a probability for z(t) at a specific time ¢ not to exceed a certain
number x be P{z(t) < x}. Also, let a probability for occurence of multiple

16



events, x(t;) not to exceed xy, z(t2) not to exceed xq, - - -, and x(t,) not to
exceed x, be P{x(t)) < xq, x(ta) < xg, -+, x(ty) < 2, }.

Now, the first-order probability distribution F'(z; t) of the random pro-
cess z(t) is defined as:

F(a; 1) = P{a(t) < }. (3)

Likewise, the second—order probability distribution F'(xy, xs; t1, t2) is de-
fined as:
F(w1, x93 t1, t2) = P{a(t)) < x1, 2(t2) < 22}, (4)

and the n-th-order probability distribution F(z1,---, xp; t1,-- -, t,) is de-
fined as:

F(xla sy Ty tla ) tn) - P{x(tl) S Ty, x(tn) S xn} (5)

On the other hand, the first—order probability density f(x; t) of the ran-
dom process z(t) is defined as a derivative of the distribution F(z; ¢) with

respect to x:
. OF(z; 1)

Note that f(x; t) is really a kind of “density”, since, by definition,

ox Az—0 Ax

OF (z; t) lim F(z+ Ax; t) — F(z; t)

Y

therefore, we have

. . Pl{z(t) <z + Az} — P{z(t) <z}
fla; ) = Algilo Az
— lim Pz <z(t) <x+ Az}
A—0 Ax

: (7)

which is a probability of z(t) to be “contained in a unit interval of z”.
Likewise, the second—order probability density f(x1, xa; t1, t2) is defined

as:
aQF(mlu N t17 t2)

8
3x1 3x2 ' ( )
and the n—th—order probability density f(xy,- -, @,; t1,- -, t,) is defined as:

f(xla X2, tla t2) -

_anF(xla"'axn; tlu"'atn)

o0xy -+ 0xy, 9)

f(xla"'7xn; tla"'7tn)
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Generally speaking, if ¢ is continuous, we need infinite number of various
orders of probability distributions, in order to properly describe a random
process. In many practical cases, especially in cases of stationary random
processes, however, it is sufficient to take into account first— and second—
order distributions only, as we will see later.

Following general properties are satisfied for probability distributions and
densities, as evident from their definitions:
o F(oo;t) =1,
[ F([El, tl) = F(ZEl, Q5 tl, tg),

o f(z;t) >0 (ie., F(x;t)is a monotonically increasing function of ),

o /f(x; t)de = P{x; < z(t) < 25},

1
[e¢]

o flx1:ty) = / f(z1, xo; t1, ta) dxs,

o0

o / flz; t)dx = 1.

Now, let us consider a more general case, where a random process z(t) is

a complex process:
2(t) = x(t) +iy(t),

where a real part z(t) and an imaginary part y(¢) are both real random
processes, and ¢ is the imaginary unit.

The probability distribution of the complex random process z(t) is defined
by the joint probability distribution of z(¢) and y(¢). Thus, the n—th—order
probability distribution is defined as:

F(zla"'7 Zns tla"'7tn) :F(xla"'a Tns Y1, Yns tl?"'? tn)
= P{x(tl) < Ty, x(tn) < L,y y(tl) S Yy o, y(tn) S yn}> (10)
and the n—th order probability density is defined as:
f(zlu"'7 Zn; tla"'? tn) :f(xla"'a Tns Y155 Yns tl?"'? tn)
a?nF n R nataatn
_ (x17 y Tns Y1 Y 1 ) (11)
Oy 0Ty Oy - - - Oy,
When we have two complex random processes z(t) and y(t):
z(t) = 2" (t) +iz'(t),
y(t) =y"(t) +1y'(t),
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where real parts " (t) and y"(¢), and imaginary parts z*(¢) and y'(¢), are all
real random processes, we introduce joint probability distributions and joint
probability densities of the two complex random processes.

For example, the first order joint probability distribution of the complex
random processes z(t) and y(t) at times ¢; and to, respectively, is

F(x; y; ty; ta) = F(a”, a'5 y", s t; t)
= P{a"(t) <" 2'() < 2%y () <y y'(t) <y'h, (12)
and the corresponding joint probability density is
flasys tis o) = f(a", 25y, o' ts o)
O F@n 2y Yt t)
N O™ Oxt Oy Oyt '

(13)

Expectation (or Ensemble Average)

Expectation (or ensemble average) 7.(t) of a complex random process
2(t) = x(t) +dy(t) at time t is defined as:

n(0) = (W) = [ [ (e +iy) o y: t) dedy, (14)

—0o0

where the symbol (), which stands for the expectation, is often denoted
also as F{ }.

Autocorrelation

Autocorrelation R,.(t1, t2) of a complex random process z(t) = z(t) +
iy(t) at times ¢; and t5 is defined as:

R..(ty, ta) = (2(t1) 2" (t2))

= / / / /(xl +1y1)(z2 — iy2) f(21, 225 Y1, Y25 t1, t2) dzrdaadyrdys, (15)

wehere the symbol ( )* stands for the complex conjugate.

Hereafter, we will usually omit sufficies such as zz, for simplicity, when
we express autocorrelations. Thus, autocorrelations R, (t1, t2), Ryy(t1, t2),
R..(t1, t2), and so on, will be all denoted simply as R(t1, t5), except for cases,
when we wish to explicitly specify the random processes under consideration.

Following general properties hold for autocorrelations.

19



o R(tg, tl) = R*(tl, tg)
o R(t,t)=( 2(t)|*) >0, ie., real and positive.

e Positive definite, namely,

ZZaia;R(ti, t;) >0 for any numbers a; (i =1, 2,---, n).

i=1j=1
Proof
i=1 i=1j=1 i=1j=1
e An inequality:
| R(t1, t2) < R(t1, t1) R(ta, ta). (16)

Proof :

1. For any complex random variables v and w, we have

(ollwh?<(vP)(wl?).
Proof :
Since we always have

(slol+lw)?)=s (o) +2s(v]lw])+{w]) =0,

for any real variable s, the discriminant of the above quadratic
equation with respect to s must be smaller than or equal to 0, i.e.,

(ollw)?=(lvP){wl’) <0,
and, hence,
(ollwh*<(lvP){wl).
2. For any complex random variables v and w, we have
| (ww) [< (v ][wl]).

Proof :

Let us first prove a general statement that, for any complex ran-
dom variable A = a + b, where a and b are real random variables,
we have

[ (A) < (Al
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Let us denote the probability density of A = a + ib as f(a, b).
Then | (A) | and (| A |) are expressed as

(A = |//Af(a,b)dadb\
= lim lim | >33 Af(a, b)AaAb],  (17)

and
Gl = [ [141 @, b)dads
= lim lim ZZ | A| f(a, b)AaAb

Aa—0 Ab—0

- AliIBOAlierOZZ | A f(a, b)AaAb |, (18)

where we replaced the integrtions by the infinite summations,
which are performed in the same way in both equations (17) and
(18), and we used a property of the probability density f(a, b) in
equation (18), that it is always real and greater than or equal to
Z€ro.

Now, for any complex numbers B and C, we have
| B+CI<[B|+]C],

since

|B+C|=/(B+C)(B+C) =,/| B! +B*C + BC*+ | C |
:\/\B|2+2\B\|C\ cosd+ | C |2,

where we introduced an angle ® satisfying
B*C =|B||C|e?,

is always smaller than | B | + | C' |, because cos® < 1. This
relation is easily extended to the sum of arbitrary number n of
complex numbers By, B, ---, B, i.e.,

n n
> BiI<> |Bil,
i=1 i=1
because

INoB, |=| Bi+ Y. Bi || Bi | + | Y. Bi |=| Bi | + | Bo+>_ B |

i=1 1=2 1=2 1=3

< B+ | B |+ Y. Bil=<|Bi |+ |Ba| ++4 | Ba|.

=3
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Applying the above relation to the summations of equations (17)
and (18), we confirm that | (A) | < (| A ).

This implies that | (vw) | < (| v || w ), since
|l vw |= Vvwvrw* = Vorvuww* =|v || w | .
3. From 1. and 2. above, we obtain
[ vw) P< (Jvl[w)? < (v ) (Jw),

ie.,

[ {ww) [P< (o [P w ). (19)
If we adopt here v = z(t;) and w = 2*(t3), then we prove that

| R(t1, t2) < R(ty, t1) R(ta, to).
Autocovariance

Autocovariance C(ty, t9) of a complex random process z(t) at times ¢;
and t, is defined as:

Cl(ty, ta2) = R(t1, t2) — n(t1) n*(t2), (20)

where n(t) = n.(t) = (2(t)) is the expectation of z(t) at time .
The autocovariance of z(t) is equal to the autocorrelation of Z(t) = z(t) —
n(t), i.e.,
C(ty, ta) = Rzz = (2(t1) 2% (t2)). (21)

In fact,

(Z(t1) 27 (t2)) = ([2(t1) 2"(t2) — z(t1) n"(t2) — n(t1) 2" (t2) +n(t1) n*(t2)])
= R(t1, t2) — n(t)n"(t2).

Correlation Coefficient
Correlation coefficient r(t1, t2) of a complex random process z(t) at times
t1 and ty is defined as:

C(ty, t2)

b ) = VOt 1) Clt, t)

(22)

It is evident that
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o r(t, t)=1.

Also, the absolute value of the correlation coefficient is always smaller than
or equal to 1:

o [r(ty, t2) <1,
since from equations (16) and (21), we have

| O(ty, ta) < Clty, t1) Oty ty).
Cross—Correlation

Cross—correlation Ry, (t1, t2) of two complex random processes x(t) =
27 (t) +ix'(t) and y(t) = y"(t) +iy'(t) at times ¢; and to, respectively, is
defined as:

Ray(ty; t2) = (x(t) y"(t2)) =

////(wr+ixi)(yr—iyi)f(ﬁrr, o'y, Y b te)da” dat dy” dy',  (23)

—00—00—00—00

using the joint probability density of x(¢) and y(¢), given in equation (13).
Following properties hold for cross—correlations.

o R:By(t27 tl) - RZ$(t17 t?)
This is evident from the above definition.

° ‘ R:By(tla t2) ‘2 S R:B:B(tla tl) Ryy(t27 t?)
We can readily prove this by adopting v = z(t;) and w = y*(¢2) in
equation (19).

Cross—Covariance

Cross—covariance Cy,(t1, t2) of two complex random processes z(t) and
y(t) at times t; and ¢, is defined as:

Coy(t1, ta) = Ray(ty, ta) — nu(t1) m; (t2). (24)
Following properties hold for cross-covariances.

e The cross—covariance of x(t) and y(¢) is equal to the cross—correlation
of Z(t) = z(t) — n.(t) and §(t) = y(t) — ny,(t), i.e.,

Coy(t1, t2) = Raz(ty, t2) = (2(t1) 7" (L2))-

o ‘ O:By(tb t?) ‘2 S C$$(t17 tl)ny(t27 t2)
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Cross—Correlation Coefficient

Cross—correlation coefficient r,,(t1, t2) of two complex random processes
x(t) and y(t) at times t; and ¢ is defined as:

C(ty, t
Txy(tla t2) = y( . 2) (25)

B \/Cxx(tb tl) ny(tg, t2) .

It is evident that for any cross—correlation coefficient we always have

o |ray(ty, t2) [ 1.

Normal (Gaussian) Process

As an example of the probability density introduced in equations (6), (8),
and (9), we consider here probability desnity of a particularly important class
of random process, namely normal (or Gaussian) process, which is known to
be a good model of signals from astronomical radio sources, as well as of
noises produced in antenna-receiving systems or in environments.

Real random process z(t), with expectation n(t) and autocovariance C(ty, ts),
is called “normal (or Gaussian) process”, if, at any times ¢, to, - - -, ¢, for any
n, random variables x(t1), z(t2), - - -, x(t,) are jointly normal (or Gaussian),
i.e., they are characterized by following probabilty densities.

e First-order Gaussian probability density:

1 _(6'31*771)2

f(l’l, tl) = 0_1\/% e 2‘7% , (26)

where 1, = n(t1) and 0? = C(t1, t1) = ([z(t;) —n(¢1)]?) are expectation
and so—called dispersion, respectively, of x(t) at time ;.

e Second-order Gaussian probability density:

f(xla N tla t2)

1 @1-n)?% o (21-m1)(za—n2) | (xo—79)2
1 2(1—r2) ( o'% 2r 7192 + o5 )

= e s
2mo109V 1 — 12

where we introduced notations: 11 = n(t1), 7o = n(t2), 03 = C(ty, t1),
05 = C(ty, 1), and correlation coefficient:

C(ty, ta)
\/C(tl, t1) C(te, tQ)'

(27)
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e n-th-order Gaussian probability density:

f(x17~'~7xn;t17..,7tn)
! K ijn1($i_ni)ci;1($]’—nj) (28)
- ¢ iZ1i= |
(2m)"A

where n; = n(t;), n; = n(t;), Ci; = C(t;, t;) is autocovariance matrix,

Cj;' is its inverse, and A = det{C};} is its determinant.

When n =1 and n = 2, equation (28) is reduced to equations (26) and
(27), respectively, implying that the first— and second—order Gaussian
probability densities given in equations (26) and (27), respectively, are
special cases of the more general expression of the n-th—order Gaussian
(or normal) probability density given in equation (28).

Likewise, we can conceive a number of normal (or Gaussian) processes
which are jointly normal with each other.

e Two real normal processes x(t) and y(t) are called “jointly normal (or
Gaussian) processes”, if, at any times ¢; and t5, random variables x(¢;)
and y(t2) are jointly normal, i.e., they are characterized by following
joint probabilty density:

f(xa Y; tla t2)

2 2
1 . 1 ((T*”?m) —9ry (r*nz)(yfny)Jr(y*ny) )
e 2(1—7‘%y) a% Y oxoy UZ

- )
1 _ 2
2moz0y /1 — 1z,

where we introduced expectations of xz(t1) and y(t2): 1. = n.(t1) a
ny = 1y(tz), dispersions of x(t1) and y(tz): 02 = Cup(ty, t1), o
Cyy(t2, t2), and cross—correlation coefficient:
_ Cay(t1, 1)
T$y = .
VCaa(tr, 1) Cyy (1o, t2)

(29)

o,

11

Here Cuu(t1, t1), Cyy(ta, t2) and Cyy(ty, t2) are autocovariances and
cross—covariance of x(t;) and y(t2), correspondingly.

e An arbitrary number m of real normal processes xx)(t), z()(t), -,
T(m)(t) are called “jointly normal (or Gaussian) processes”, if, at any
times ¢y, to, - - -, ¢, random variables x(1)(t1), 2(2)(t2), - -, T (tm) are
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jointly normal, i.e., they are characterized by following joint probabilty

density:
f(x(l)a 5 L(m)s t1, ) tm)
_ 1 e_% i;];(gc(i)_n“)) Cou) (’”(]’)—W(]’))’ (30)
(2m)mA

where 1) = (@) (t:)) and ) = (x(;)(t;)) are expectations of x(;)(t) at
t =t; and x(;(t) at t = t;, Cuy(j) = Cx(i)x(j)(ti, t;) is cross—covariance
matrix, C(;)l( j 1s inverse matrix of C(;)(;), and A = det{C(;(;) } is deter-
minant of C(i)(j).

Of course, equation (29) is a special case of equation (30) with m = 2.

e In the above statement, some random variables among x(1)(t1), z(2)(t2),

“+, T(m)(tm) could be values of the same normal process taken at dif-

ferent times. In such a case, some elements of matrix C(;)(;) are auto-
covariances, rather than cross—covariances.

In this sence, joint probability densities of a single normal (or Gaussian)
process given in equations (26), (27), and (28) can be regarded as
special cases of the joint probability density of the jointly normal (or
Gaussian) processes given in equation (30).

It is not difficult to confirm that the joint probability densities of jointly
normal (or Gaussian) processes given in equations (26) — (30) are consis-
tent with general properties of joint probability densities, as well as with
definitions of the expectation and the covariances, as explained in standard
textbooks. For this purpose, we can use well-known integration formulae:

[e.o]

2 T
—as? g z\ﬁ 31
_/e x o (31)
/xe_‘”:2 dr = 0, (32)
b 1 /=«
2 —az?
de = = /= 33
/x e x 5\ o5 (33)

for a > 0.
For example, if we take the form of the joint normal (or Gaussian) prob-
ability density given in equation (29), we can confirm following formulae.
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oo

o | [l yith, ta)dy = fa; t):

oo

[ flz,y; t1, t2) dy

2 2
1 _ 1 (x—nz) —2r, (I*na:)(yfny)_i_(y*ny) )
= /6 2(1-r3,) oz Y Ty 5 dy
2,01 =12,
@=n2)® o, (z=nm) )
2 eTay y'+y
g / 2(1 Ta:y) ox dy/
2104 /1 r%
2
s [ S (v 22)']
_ 21— rzy)|: Y ( v® ) dy/

27mm/1 — rgy e

172
vy

(T 7]”0)
—_ e 20.2 /6 2(1— sz) dy
2
2mo 4 /1 Ty A
1 _ (@—ng)?
2
- € R = f(l'7 t1)7

oL V2m

(34)

in view of equation (31), where we introduced variable transformations:

y/:y_ny

[/
) y =y _rxy
Oy

e Expectation:

(x) = 7 7:5]‘(1’, y; ty, to) dx dy

7 flzit)d 1 et
= zf(x; t)de = /xe 203
e Oy \/27?_00
R P
= xr — + e 2% dx
oo 2
Ne / — g
—= (& 9 dx —= s
Oy \/27T_Oo e

in view of equations (31) and (32).

The same argument also leads to

oo o0

T — 1My

= /35 /f(95> y; t, to) dy do

dx

(35)

(y) = / /yf(x, y; t1, t) dedy =

—00 —00
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e Covariance:

((x = n2) (v —my))

[ el o)

- //(f”—ﬂx)(y—ny)f(w, y; ty, o) da dy

—00 —00

1

2
2mo0y, /1 — 13,

0o 0 _ 1 . ((zfgg;)Q 21y (m*ﬂz)(yfny)+(y*gy)2)
X / / (:L, _ 7795) (y _ ny) e Q(I—T‘zy) oy oroy oy dx dy

—0o0 —0O0
Oy Uy 7T /1 21 L 2 (CC/272TIy z’ y/+yl2) ’ /
:7//33(7/6 (1=ray) dz' dy
2my 1 =02, J I
o o
1 72 2 112
Oz 0 —sao s () v
- - / /(CE” +reyy”)y e 2 T da dy”
2w, /1 —r2
d Tify —00 —00

= 27’(’(1 — T%y) Vor = ToyOg Oy = ny(tla t?)a (36)

in view of equations (31), (32), and (33), where we introduced variable
transformations:

T —1 Yy—n

/o T ! Y

€T = ) y_ )
Oy O'y

" / / " /
r =T — Ty, y =vy.

In following discussions, we will mainly use general properties of expectations
and correlations, without specifying explicit forms of probability densities.
However, when necessary, we will assume jointly normal (or Gaussian) pro-
cesses, and explicitly use expressions of the normal probability density given
in equations (26) — (30).

1.2.2 Random Processes in Linear Systems

Definition of Linear Systems

Let us consider a system of two complex functions z(t) and y(t) of time
t, which are related with each other by an operator L:

y(t) = Lz (t)], (37)
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where z(t) is called “input” and y(t) is called “output” of the operator L.
Such a system is called “linear system”, if the operator L satisfies

Llay x1(t) + ag x2(t)] = a1 L[x1 (t)] + ag L{z2(t)], (38)

for any complex coefficients ay, as and for any functions z(t), x2(t).
The linear system is also called as “linear filter”, which linearly “filters”
the input z(¢) to yield the output y(t).

Impulse Response

If the input of an operator L is a delta function 0(¢) of time ¢, the output
is called “impulse response” of the operator, which we denote as h(t):

h(t) = L[5(t)). (39)

Here, we introduce “convolution” f(t) * g(t) of functions f(¢) and g(t),
which is defined by a following infinite integration:

o0

[0+ 9t) = [ F(t=a)gla)da, (40)

where symbol “x” stands for the operation of the convolution. Convolution
has following properties:

f(t)xg(t)=g(t)* f(t) (commutative),

because
o010 = [ gt=p) f(8)d8= [ 1(8)glt=B)d8 = [ ft—a)g(a)da,

where we used a transformation of the argument of the integration: a = t—
and hence df = —da,
and

F0yxg(=t) = [ ft=Bg(=B)ds= [ f(t+a)g(a)da,

where we used « = —( and df = —da.
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Then, the output of the linear system can be represented as a convolution
of the input and the impulse response, i.e.,

oo

y(t) = x(t) = h(t) = / 2(t — ) h(a) da. (41)

—00

This equation is easily proven, based on the definition of the delta function,
in the following way:

o0 e}

y() = Lia()] = L1 [ 2(8)8(t - ) g = [ w(8) LIs(t ~ B)] 4
- / 2(B) h(t — B)dB = / 2(t — ) h(a) da = z(t) * h(t).

Note that L operates only on a function of time t.

Linear Systems with Random Processes as Inputs

Hereafter, we will consider linear systems having random processes as
inputs. Then, we have following general properties.

e Expectation of the output:
If z(t) and y(t) are input and output of a linear system, their expec-
tations (x(t)) and (y()) are also related with each other as input and
output of the same linear system, i.e.,

(Llz(®)]) = L(=(8))],

((t) = h(t)) = (x(t)) * h(t),
my(t) = Ln.(t)]. (42)
Proof -
(x(t) % h(1)) = ( / 2(t — ) h(a) da) = / (x(t — a)) h(a) da

— (2(1)) * h(t).

Note that the impulse response h(t) is a deterministic function of time,
and, hence, not affected by the ensemble average.
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e Autocorrelation of the output:

Ry, (t1, t2) = Ryu(ty, t2) * h(ty) * h*(t2),

or
yy t1> t2 / / Rmc - Q, t2 - ﬂ) h’(Oé> h’*(ﬁ) dOédB (43)

Proof -
1. Cross—correlation of the input and the output is

Rey(ty, ta) = (x(t1) y*(t2)) = (x(t1) 2" (t2) * h*(t2))
= (z(t1) 27 (t2)) * h*(t2) = Rux(ty, ta) * h'(t2),

or
oo

Ryy(t1, t2) / Ry (t1, ta — B) h*(B) dp.

2. Autocorrelation of the output is

Ry, (ty, t2) = (y(t1) y"(t2)) = (x(t1) * h(t1) y* (t2))
= (x(t1) y*(t2)) * h(t1) = Ruy(t1, t2) * h(t1),

or

yy tl, tg / R$y — Q, tg) h(Oé) do.

3. From 1. and 2. above, we have

Ry, (t1, ta) = Ryu(ty, t2) * K™ (t2) * h(t1)
= R$$(t1, tg) * h(tl) * h*(tg),

or
yy tl; t2 / / Rxx —Q, t2 - ﬂ) h’(Q> h’*(ﬁ) dOédﬁ

1.2.3 Stationary Random Processes

Definitions

e A random process z(t) is called “stationary” (or, more specifically,
“wide—sense stationary”), if the expectation does not depend on time,
and the autocorrelation is a function of time difference only:

(z(t)) = n = const,
(2(t1) 2" (t2)) = R(7), (44)
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where 7 = t; — 5.

e Random processes z(t) and y(t) are called “jointly stationary”, if both
of them are stationary, and their cross—correlation is a function of time
difference only:

(z(t1) y*(t2)) = Ray(7), (45)

where 7 = t; — ts.

Of course, it is not easy to find actual physical processes which strictly satisfy
these conditions. For example, some of quasars or astronomical masers are
known to exhibit significant time variations in yearly, or shorter, time scales.
In a practical sense, however, physical processes are well approximated by the
stationary random processes, if equations (44) and (45) are fulfilled during
time scales, which are sufficient to estimate their statistical properties (see
discussions on ergodicity in subsection 1.2.4). In this sense, many physical
processes can be successfully modeled as stationary random processes.

Properties

Following formulae can be easily derived, by applying general properties
of correlations, covariances, and so on, to the particular case of the stationary
random processes as defined above.

e R(—7) = R*(1).
o R(0) = =(t) [*) 0.

e Positive definiteness:
Z Zai a; R(t; — t;) >0, for any a;.
i=1j—=1

o | R(7) [< R(0).

e C(1)=R(T)— | n|>, autocovariance.

o (1) =C(7)/C(0), correlation coefficient.
o [r(1)|<1

o Ruy(=7) = Ry, (7).

o | Ryy(7) [P< Ruw(0) Ry, (0).
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o Coy(T) = Ruy(T) — 12 My cross—covariance.
o 1y = Cuy(7)/1/Crz(0) Cyy(0),  cross—correlation coefficient.

o |ray(r) <1,

1.2.4 Ergodicity

How can we estimate various statistical properties of a random process, if we
are given with a single time series only, which is an outcome of a single trial
of the random process? As a matter of fact, you would better not to expect
to get more than a day (i.e. a single trial) of telescope time for your VLBI
observation of a certain object, unless referees of your proposal are extremely
generous.

The answer to this question is, ‘We can do it, if our random process is
ergodic!’.

e Definition.
A random process z(t) is called “ergodic” if its ensemble averages are
equal to appropriate time averages.

This implies that we can estimate any statistical property of
z(t), using time average of an outcome of a single trial, if the
random process is ergodic.

e Mean—ergotic process.
A random process z(t), with a constant expectation:

n = (z(1)),
is called “mean—ergotic”, if its time average nr tends to n as averaging
time 27" tends to infinity:

T
1
UT:ﬁéZ(t)dt — n as T — oo,

e A condition for the mean—ergotic process.
It is evident that
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Therefore, z(t) is mean—ergotic, if the “variance”, or “dispersion”, 0%

of the time average nr tends to 0 as T" — oo, i.e.,
or={nr—nl)—0as T — .

If we introduce the autocovariance C'(t1, t2) of z(t), the above condition
is equivalent to

7t = g | [ (G0 =) () =) e
= (2;)2 / /C(tl,tg)dtldtg—)(] as 1T — oo.

e In the stationary random case.
Strictly speaking, the ergodicity is inconceivable if (z(t)) varies in time.
So, we assume that z(t) is a stationary random process, and therfore,
its autocovariance is a function of time diffference 7 = t; — ty:

C(t, ta) = C(1).

Then, the double integration in the above condition is reduced to a

t
t1-t2=2T ti-te= THAT
ti-te= 1
2T- 11l
T

gvnm
}ﬁ :
T ﬁ 0 T te

ti-te=-2T

Figure 11: Geometry of the integration.

single one:
2T
1/0()1 ") gr 0 as T (46)
— - — — —
or ] Y or ) 7 >

34



because

/T /TC(t1, ty) dty dty = 70(7)(2T— |7 |)dr, (47)

as we see from Figure 11. In fact, in the rectangular range of integration
—T <t; <Tand —T <ty <T in Figure 11, the autocovariance C(1)
is constant along a line t; — ¢y, = 7, and an area of the hatched region,
sandwiched between two lines t; —to = 7 and ¢; — o = 7+ AT is
nearly equal to the area of the enclosing parallelogram, which is equal

to (2T'— | 7 |) A7, in the linear approximation with respect to small
AT.

Correlation—ergodic process.
A stationary random process z(t) with an autocorrelation

R(§) = (=(t +£) 2°(1)),

is called “correlation—ergodic”, if a process defined by wug(t):
ue(t) = 2(t + &) 2°(1),

with an expectation (ug(t)) = R(), is mean—ergotic, i.e., if

1

fir = o

ug(t)dt — R(§) as T — oo.

—

N

Similarly to the case of the mean—ergotic process, z(t) is correlation—
ergotic, if the variance, or dispersion, 0%, = (| Ry — R(£) |?) tends to
0 as T'— oo, or, equivalently, if an autocovarinace of ug(t):

Cou(T) = Ruu(7) — R*(8),
where R,,(7) is an autocorrelation of ug(t):
Ruu(7) = (ue(t + 7)ug(t)) = (z(t +E+ 1) 2"t +7) 2" (t + &) 2(2)),

satisfies the condition in equation (46) for any &, i.e.,

1 | 7]
— / Cuu(7)< _ﬁ> dr — 0 as T — oo. (48)
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e An illustration of the correlation—ergodic process.

Let us try to do an exercise in order to simulate the correlation—
ergodicity using a simple model of a normal (Gaussian) process.

We generate a series of real zero-mean random numbers obeying the
first-order Gaussian probability density with a dispersion o2, by means
of the standard Box—Muller method (see, for example, Press et al.,
1988). Then we regard the series as evenly ordered in time ¢ within a
range of data 0 < t < ¢, with a certain interval (“sampling interval”)
At between two consecutive data points. Thus we obtain a model
sample of a stationary normal process, which we call “sample data”
and denote by vpana(t)-

12 T T
squared sample datai

+

2, 2
Vrand /o

12 T T T
averages of consecutive 25 points |

~ 8 I T
o
~. 6 B
3
> 4 + .
2+ + . 4
44+ 4+ + \ + + R e o
0 AT AR AR
0 200 400 600 800 1000
12 T T T
10| averages of consecutive 100 points |
4 8 -
~. 6 B
3
> 4 .
2 - -
+ i + . + - . . +
0 + L L L L
0 200 400 600 800 1000
time / At

Figure 12: An illustration of the correlation—ergodicity. Top: time variation of squared
sample data of a stationary normal process. Middle and Bottom: Time variations of
averages of the squared sample data over 25 and 100 consecutive data points, respectively.

All plotted values are normalized by the dispersion o2.

Figure 12 shows time variations of squared sample data v?2,,,(¢) (Top),
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as well as time averages of the squared sample data:

t+7a/2
) == [ ol
Yt ra)2

over 25 (Middle), and 100 (Bottom) consecutive data points, respec-
tively, where 7, is the averaging time, i.e. 7, = N, At if we denote the
number of consecutive data points in the averaging time by N, .

It is evident from Figure 12 that the averaged squared sample data
v2, (t, 7,) indeed converge to the dispersion of the original sample data
(W2,4#)) =0c? or v2, /o® — 1 in Figure 12, with increasing averag-
ing time 7,, as the correlation—ergodicity requires.

In order to see this convergence more clearly, we estimate the stan-
dard deviation Sy(7,) = ([v2,.(t, Ta) — 0?]?)!/2 of the averaged squared
sample data v2,,(t, 7,) by calculating the root mean square R,,,(7,) of

v2, (t, T4) — 02 over the whole data range 0 < t < t,:

ty 1/2
Si(Ta) = Rins(7a) = {l /[in(t, Ta) — 02]2dt} :

by

14 ¢ g

12 1

08 p 1

06 2 g

o
0.4 | 1
0.2 | 1

0 ! ! ! ! ! ! ! ! 1
0 50 100 150 200 250 300 350 400 450 500

averaging time / At

rms of (vaw2 -0%)10?

Figure 13: Root mean square of v2,,.(t, 7,) — 0 normalised by the dispersion o2 of the
original sample data: o2 = (v2,, ,(t)) (circles). This gives an estimation of the standard
deviation of the time-averaged squared sample data v2, (¢, 7,) which decreases with av-
eraging time well following a curve v/2 //N;, (broken line), where N, is the number of

data points in the averaging time, i.e. N,, = 7,/ At.

Figure 13 shows the result of the calculation normalized by 2.
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From Figure 13, we see that the standard deviation Sy(7,) of v2,,.(t, 7,)
decreases with averaging time to zero as

\/5 o? o’
Sd(Ta) - \/N— - e
Ta \ 2A¢

just as required by the correlation—ergodicity and expected from the
averaging law of independent noises. The standard deviation is equal
to vV20? at N, =1 in accordance with the expected one:

o2

00 1/2
1 22

/ (2?2 — 0?)? e 2% dx =202
V2

Note that the ergodicity is guaranteed from the begining in the above
exercise, since the “time series” we generated is actually an ensemble
of normal random numbers, which are statistically independent sam-
ples with respect to each other. Therefore, the “time average” must
naturally tend to the ensemble average when the averaging time, and
the number of independent samples N, , too, increase. In this sense,
the above exercise might be trivial and meaningless.

From another viewpoint, however, the exercise helps us to learn that
there is nothing strange in the ergodicity if a sample time series forms
an ensemble of all possible values of the random variable characterizing
our random process. We can conceive that an ergodic process is a
random process having such a property.

Signal-to—noise ratio in mean power measurements.

As we noticed earlier, the radio waves from astronomical radio sources
are random noise time series which are hardly distinguishable from
receiver and other noises by their temporal behaviors. Strength of such
a “noise signal” is given by its mean power, i.e. the dispersion. In order
to estimate the mean power, we measure a “time-averaged power”, i.e.
a time average of the squared noise signal, as we discussed in Chapter
2. In the context of present discussions, we assume the ergodicity of the
noise signal and approximate an ensemble average by a time average.
As a simple example of the ergodic process, we adopt here the normal
process model which we used in the above exercise.

As far as the averaging time 7, is finite, the time-averaged power of
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the noise signal s(t):

t+7a /2
Saltr) == [ St
at—Ta/Q

fluctuates around its mean, i.e. the dispersion o = (s*(t)). Strength
of such a fluctuation is characterized by a standard deviation Sy, (7,) =
([s2,,(t, T) — c2]*)1/2 which is reduced to zero with increasing 7, as

Sy (7a) \/50? U:f
ds\Ta) = —F7— — )

Nz, V QTAat
where At and N, are again the “sampling interval” and the number
of independent samples within the averaging time, respectively.

For the mean power measurement, we can treat the dispersion o2 as a
“signal”, and the standard deviation of the time—averaged power as a
“noise”.

Therefore, if we had only the noise signal s(¢) from a radio source, and
did not have any system noise, the signal-to—noise ratio would be given

by:
o? | N, [ Tq
N pr— S p— @ pr— .
(S/N)s Sa, (Ta) 2 2At

This would imply that we could get a fairly high signal-to—noise ratio
(S/N)s =5 after a time-averaging over N,, = 50 independent samples
in this “signal only” case.

However, with actual radio telescopes, we always observe superposed
noisy signal s(t) and system noise n(t), which can be regarded as two in-
dependent ergodic processes. Usually, the system noise occuring mainly
in receivers and atmosphere, is much stronger than the noisy signal from
a radio source, as we saw in Chapter 2. This means that the “noise
dispersion” o2 = (n%(t)) is much larger than the “signal dispersion” o2
When we measure the mean power of the signal plus noise data, as we
do in the single—dish radiometry, the “noise” in such a measurement
is mostly determined by the fluctuation of the time—-averaged power of
the system noise:

t+7a /2
nzw(t,Ta):T— / n?(t")dt'.
at—Ta/Q
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In our normal process model, the standard deviation of the fluctuating
n2,.(t,7,) is given by

. \/ﬁai . Ui
VR
while the “signal”, which we detect by the “on—oftf” observation, is still

given by the dispersion of the radio source signal o2. Therefore, the
signal-to—noise ratio is now given by

sN= % N0 [T
Sa,(1a) 02V 2 o2V 2At

n

Sdn (Ta)

The mean powers of the signal and the noise are described in terms
of the antenna temperature T4 and the system noise temperature Ty,
respectively, as we saw in Chapter 2. When we observe a continuum
source with a telescope having a frequency bandwidth B, we have

02 =kTyB, and o> =kTsB,

where £ = 1.381 x 1072 J K~! is the Boltzmann constant as before.
Then, the signal-to-noise ratio is given by

Ty | N, T “
sv="Ta Mo _Ta [0
Ts\ 2 Ts V 2At

Thus, owing to the ergodicity, we can measure the mean power of the
radio source signal, improving the signal-to—noise ratio in proportion
to the square root of the averaging time, even when the signal is buried
in much higher system noise. However, the averaging time required for
achieving a sufficiently high signal-to-—noise ratio is much longer than
the “signal only” case, by a factor of (T's/T'4)?. For example, if Ts/T4 =
100, we need N, = 500,000 independent samples, instead of 50 in the
“signal only” case, to get S/N = 5. This “additional integration”
necessary for suppressing the system noise effect is an essential part of
data processing in radio astronomy.

Note that the last equation is consistent with that for the signal-to—
noise ratio in the single-dish radiometry, which we saw in Chapter 2.

Radio astronomical data and ergodicity.

For most of actual physical processes, it is likely that their autoco-
variances are finite everywhere and tend to 0 when the time difference
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argument 7 tends to infinity. Therefore, equations (46) and (48), which
are conditions for establishment of the ergodicity, appear well satisfied
in the most cases. Moreover, it is well known that the signal-to—noise
ratio of the “power” or the “correlation” of a moderately strong signal
from an astronomical radio source, obtained in a square—law detec-
tor or in a correlator, improves with averaging (or integration) time
7, nearly following the o /7, law. This means that the simple nor-
mal process model mentioned above is fairly a good model of actually
observed data of radio astronomy. On the other hand, the “power”,
or “correlation”, thus obtained is usually almost time-invariant dur-
ing time-scales from hours to months. Therefore, radio astronomical
data are mostly consistent with assumptions of the stationary random
process and the ergodicity.

1.2.5 Stationary Random Processes in Linear Systems

Let us consider cases when inputs of linear systems are stationary random
processes. Then, we have following properties.

e If an input z(¢) in a linear system y(¢t) = L[z(t)] with an impulse
response h(t) is a stationary random process, then an output y(t) is
also a stationary random process.

Proof :

1. Expectation n,(t) of the output y(¢) is constant in time. In fact,

o0

= [ et —a)h@)da=n, [ h(a)da = const, ~(49)

—0o0

since x(t) is stationary and therefore 7,(t) = 7, is constant in
time. So, we have n,(t) = n, = const.

2. Autocorrelation Ry, (1, t2) of the output y() is a function of time
difference 7 = t; — t only, because

8

Ry, (ty, t2) / / Reo(ti — a, ty — B) h(a) B*(B) dad

8

R..(T — a+ B) h(a) h*(B) da dfs,

é\g

8

since z(t) is stationary and therefore
R$$(t1 - Q, t2 - ﬂ) - Ra:a:(tl - — (tQ - ﬁ)) - R$$(T —a+ ﬁ)
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Then, the above formula is now expressed as:
Ry, (T) = Ry (7) % h(T) x K™ (—T). (50)

e If an input x(¢) in a linear system y(t) = L[z(t)] is a stationary random
process, then the input z(¢) and the output y(¢) are jointly stationary.

Proof -
1. We have proven above that, if the input is stationary, then the
output is also stationary, i.e., both z(¢) and y(t) are stationary.

2. Cross—correlation R,,(t1, t2) of the input x(¢) and the output y(¢)
is a function of time difference 7 = t; — t5 only, because

e}

Rey(ty, t2) = (x(t1) y*(t2)) = /(m(tl)x*(h —a)) h(a) da
_ /Rm(7+a)h*(a)da—Rm(T)*h*( 7,

where h(t) is an impulse response of L as before. Thus, we have
Ryy(T) = Ry (1) % R*(—7). (51)

e Likewise, we can prove an equation:
Ry (T) = Ryy(T) * h(T), (52)

which, together with equation (51), offers another derivation of equa-
tion (50).

o If z1(t) and x4(t) are jointly stationary random processes, then out-
puts y1(t) and yo(t), which are obtained from z;(t) and x5(t) through
arbitrary linear operators Ly and Ly with impulse responses hy(t) and
ho(t), respectively, are also jointly stationary.

Proof :

We have
(1) = Lifay(6)] = 21(t) % ha (1) = / 21(t — ) ha(a) da,
Ya(1) = Lolwa(t)] = wa(t) * ha(t) = / 2ot — @) ha() dav



Both y;(t) and y»(t) are, of course, stationary, and their cross—correlation:

Ry, (t1, t2) = (y1(t1) y5(t2))

= [ [ @it = a)as(ta — B)) hala) hy(8) dardB

— //Rxlm(T—04+ﬂ)h1(04)h§(5)d04dﬁ,

is a function of time difference 7 = t; — t5 only. This proves the joint
stationarity of y;(t) and y»(t), and yields

Ry (T) = Rayas (7) % D (7) % hy(=7). (53)

1.2.6 Spectra of Stationary Random Processes
Definitions

e Fourier transform S(w) of an autocorrelation R(7) of a stationary ran-
dom process is called “power spectrum” (or “spectral density”) of the
process. Here, w is an angular frequency, which is related to a linear
frequency v as w = 27v. Thus, the power spectrum and the autocor-
relation are related to each other by the Fourier— and inverse Fourier

transforms:
S(w) = /R(T)e_iw dr, (54)
1 r WT
R(1) = %/ S(w)e™" dw. (55)

Hereafter, we express a Fourier transform pair by a symbol “<”. Then,

S(w) < R(1).

e Fourier transform S,,(w) of a cross—correlation R,,(7) of jointly sta-
tionary random processes x(t) and y(t) is called “cross—power spec-
trum”. Thus,

Suy(w) = / Ryy(T)e~" dr, (56)
Ruy(7) = % [ Sayfw)e de, (57)



and
Sey(w) < Ryy (7).

Note that convergence of Fourier integrals in equations (54) and (56), and
therefore in their inverses in equations (55) and (57), too, is usually guaran-
teed, since, for actual physical processes, R(7) and R,,(7) are mostly finite
everywhere, and tend to zero as 7 — Fo00.

Properties

e Power (| z(t) |*) of a stationary random process z(t) is equal to an
integrated power spectrum over the whole frequency range:

(| 2(t) 1) = R =—/ W) dw = /S(zm)dy, (58)

where v = w/(27) is a frequency, corresponding to the angular fre-
quency w. Thus, power spectrum is really a “spectrum of the power”.

e Power spectrum S(w) is a real function.

Proof -
Since R(—7) = R*(7), complex conjugate of S(w) is equal to itself
because
S*(w) = / R*(r)e" dr = / R(—7)ei" dr = / R(r)e™ ™ dr = S(w).

e For any cross-power spectrum, S, (w) = Sy, (w).
Proof :
Since Ryy(—7) = R; (1),
/ Ry (1)e" dr = [ Ruy(=1)e"dr = [ Ryy(r)e " dr

= Syy(w).

e A power spectrum S(w) corresponding to a real autocorrelation R(T)
is an even function of w (see Figure 14):

S(—w) = S(w). (59)
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S(w)

/\/\

‘ 0 w

Figure 14: Power spectrum is even when autocorrelation is real.

Proof :

Since, in this case, R(—7) = R(7) (the real autocorrelation is an even
function of 7),

S(—w) = 7 R(1)e™ dr = 70 R(—7)e™" dr = 7 R(t)e ™ dr = S(w).

e A cross—power spectrum corresponding to a real cross—correlation sat-

isfies
Sey(—w) = Sye(w), (60)
and, therefore, is Hermitian symmetric:
Say(—w) = 55, (w), (61)
(see Figure 15).
Re Sxy((&)) Im Sxy((k))

AA /N
g ANV 2

Figure 15: Cross—power spectrum is Hermitian symmetric (i.e., real part is even and
imaginary part is odd) when cross—correlation is real.

Proof :
Since, in this case, R,y (—7) = Ry, (),
Say(—w) = / Ryy(T)e™™ dr = / Ryy(—7)e ™ dr = / Ry (1T)e™ ™" dr

= Syw (w),
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and, in view of the general property S,,(w) = S;,(w), we also have
Sey(—w) = 57, (w).

e Real autocorrelation can be described solely by the positive frequency
range of the power spectrum.

Proof :
Since S(w) = S(—w) in this case,

00 0 00
1 , 1
R(T) = o / S(w)e™" dw = o / S(w)e™" dw + /S(w)e“‘” dw]
—00 —00 0
_ i]o[s(_ ) —iwT + S( ) sz] d _ i]os( )[ —iwT 4 iwﬂ'] d
= o / w)e w)e W = o / wle € W

- % 7 S(w) cos(wr) dw = %% V S(w)e™ dw| . (62)

e Real cross—correlation can be described solely by the positive frequency
range of the cross—power spectrum.

Proof :

Since S, (—w) = S}, (w) in this case,

Ryy(T) = %_Z Sy (W)e™T dw = % _Z Sy (W)e™™ dw + Zosw(w)eiw dw]
-4 j[sw(—w)e—w + Say(w)e ] d
= L8500 4 Sy 0)e ] do
= %m?swy(w)em dw. (63)

e White noise: if the spectrum is flat throughout the whole frequency
range, then the correlation is proportional to the delta function of 7.

If S(w) = S = const, then

T Wt _ 1 Vi WT _
/S(W)e dw—S%/e do=2S06(r).  (64)

—00 —00
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If Spy(w) =S, = const, then

oo

sz 1 WT
Ry (1) =5 / Sy (w dw = Sy %_/ e“Tdw = S, 6(T). (65)
Here we used a formula
/ T dw = 218(7), (66)

which is known as one of the definitions of Dirac’s delta function.

Thus, if spectra of jointly stationary random processes are completely
flat (white), then their correlations are non-—zero, only when 7 = 0. The
“geodetic explanation of VLBI” uses this property as we saw before.

Convolution theorem: Fourier transform of a convolution of two

functions is equal to a product of Fourier transforms of those functions,
ie., if a(7) & A(w) and b(T) < B(w), then

a(t) xb(1) & A(w) B(w). (67)
Proof :
7&( ) % b(7) ’“‘”dT—/ / a(T — «) e T dodr

— / / a(t") e b(r") e dr' dr" = A(w) B(w),

where we introduced transformations 7/ =7 — a and 7" = «.

Another convolution theorem holds for a product of functions a(7) and
b(7):

a(7) b(r) < Qi A(w) * Bw), (68)

T
because

8\8

" _
B Z(.d wa//] e wWWT d,]_



o0

sy

— 00

efi(wfw/fw”)f dT] dw' dw"

Juom:

1 T / " / "
:—QWZO Alw )o(w—w' = W) dw dw
1 714( — ') B(Ww')d oL A(w) * B(w)
o w—w) Bw)dw' = - Aw w),

where we used the relation

[e.o] [e.o]

/ e T dr = / e“T dr = 2md(w).

e Shift theorem: If a(7) & A(w), then

a(t — 1) < A(w)e’i‘"o,

a(1)e™” & Alw — wp). (69)
Proof :
70 a(t — 1) e T dr = 7 a(t’) e~ w(T'+m0) gt
= {7 a(r')e ™" dT/] e = A(w)e ™,
and, _
7 a(T)e T e T dr = 7 a(T)e @) dr — A(w — wy). (70)

1.2.7 Spectra of Outputs of Linear Systems

System Function
Let us call a Fourier transform H (w) of an impulse response h(t) of a linear
system as the “system function”:

o0

H(w) = / h(t) e~ dt, (71)

—00

or

H(w) < h(t).
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For the system function, we have a general property common to all Fourier
transforms:

H*(w) & h*(—t),
because

H*(w) = / (1)t dt = / R (—t)e~ " dt.

Furthermore, if the impulse response h(t) is real, then

H*(w) = / h(t)et dt = H(—w), (72)

—00
and, therefore, | H(w) |* is an even function of w, because

| H(-w) "= H(-w) H'(-w) = H*(w) H(w) =| Hw) [*. (73)

Now, let us consider a linear system y(t) = L[x(t)] with an impulse re-
sponse h(t) and a corresponding system function H(w) with a stationary
random process z(t) as an input.

e Expectation of the output.

o0

Ny = Ma / h(a) da = n, H(0). (74)

—0o0

e Power spectra of the output Sy, (w) and the inputs S,,(w) are related
to each other as
Syy(W) = Sea(w) | Hw) |* . (75)
Proof -

In view of the convolution theorem given in equation (67), and prop-
erties of correlations,

Ryy(7) = Ryu(7) x B (—7) & Spy(w) = Spu(w) H (w),
Ryy (1) = Ryy(7) x h(7) & Syy(w) = Spy(w) H(w),
and, hence
Fp(7) = Rual(r) (7)< B (=7) & S,(0) = Sualw) | Hw) [
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e Autocorrelation of the outputs.

* 1 7 wT
Byy(r) = (gt + 1)y (1) = 5= [ Sealw) | H@) [ €7 do,
and, in particular,

Rup(0) = (L 9(0) ) = 5= [ Suulw) | H@) P (70

e Cross—power spectrum of outputs yi(t) = z1(¢) * hy(t) and y(t) =
xo(t) * ha(t) of jointly stationary inputs z1(¢) and z5(t) through two
linear systems with impulse responses hy(t) and hy(t).

As we saw earlier in equation (53), the cross—correlation Ry, ,,(7) of
the outputs is expressed through the cross—correlation of the inputs
Ry sy (T) as

Ryiyo(T) = Ryyuy (T) % hy(T) % R (—7).

Therefore, the convolution theorem in equation (67) gives us the cross—
power spectrum:

Syry2 (W) = Sy (W) H1 (W) Hy (), (77)
where Sy, ., (W) < Ry, ., (7) is a cross—power spectrum of the inputs.

e Cross—correlation of the outputs.

* 1 T * WT
Fyuge(7) = (il + 7 55(0) = o= [ Suvealw) Hi(w) Hy (@)™ du,
and, in particular,

Ryus(0) = (0 55(0) = o [ Sevwal@) (@) Hy(w) oo, (78)

1.2.8 Two Designs of Spectrometers

As an example of applications of the theory of stationary random process, let
us consider principles of two types of spectrometers which have been widely
used in the radio astronomy (Figures 16 and 17).

In the filterbank spectrometer (Figure 16), received voltage from a
radio source is equally fed to n identical analog narrow—band BPF’s (band—
pass—filters), which are called “filterbank” with successive center frequences
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—|BPF i |—|>—|SQ Detector
—{BPF v, |—|>—|SQ Detector
—{BPF v. - >—{5Q Detector

> Q> ;

—BPF V,HI—|>—| SQ Detector
—|BPF Vn |—|>—|SQ Detector

Figure 16: Basic design of a filterbank spectrometer.

V1, Vg, * + , Up. Outputs of the BPF’s are squared and averaged by SQ (square—
law) detectors and resultant powers yield a spectral shape of the source at
the above frequencies.

In the autocorrelation spectrometer (Figure 17), on the other hand,
the received voltage is first digitized by an analog-to—digital converter (A /D),
and then equally divided into two digital signals, which are fed to n multi-
pliers and integrators, one directly, and another with successive time delays
0, 7,27, -+, (n — 1)7. The resultant ‘autocorrelation’ as a function of time
delay is then Fourier transformed, and converted to a power spectrum.

:| Multiplier |—| Integrator I—
:| Multiplier |—| Integrator I—
:|Multiplier |—| Integrator I—
:| Multiplier |—| Integrator I—

:| Multiplier |—| Integrator I—
Multiplier |—| Integrator I—

Fourier Transformation

Figure 17: Basic design of an autocorrelation spectrometer.

The principles of the two designs look quite different. Do they really
produce the same spectrum?

As far as the ergodicity holds, it is clear that the autocorrelation spec-
trometer must closely approximate the calculation of the power spectrum of
the input signal (received voltage) as the Fourier transform of the autocor-
relation, as we have described so far.

For the filterbank spectrometer, let us consider ¢-th narrow—band BPF as
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a linear system, which has an input stationary random process x(t), which
is the received voltage in this case, an output y;(¢), and an impulse response
hi(t), having a rectangular sytem function H;(w):

27 Aw Aw
HZ(CU) — V Aw g 2. g 2
0 otherwise,

where w; = 27y; is the i-th center angular frequency, and Aw is the frequency
bandwidth of the BPF. If the power spectrum of the input is S,,(w), then,
according to equation (75), the power spectrum of the output Sy, (w) is

Syy(w) = S (w) | Hi(w) |,

(Figure 18). Since, in view of the ergodicity, the time averaging in a square—

Sxx((.\)) HL((A)) SJ’J’(Q))
[ S
/_\ Aw T
X Aw - . Aw
| |
0 w 0 Wi w 0 Wi w

Figure 18: Band-pass filter passes a segment of the input power spectrum.

law detector must yield the power, or the autocorrelation at 7 = 0, of the
output signal, if the averaging time is sufficiently long, we obtain

150) P = 5 [ Sw@)do = o [ Suale) | Hilw) P do

1 wi+%
= x TT d
A /A Spe(w) dw

This “power passed by a BPF” is nothing but a mean of the power spec-
trum of the received voltage S,.(w), involved in the spectral range w; —
% <w < w; + %. Therefore, if Aw is sufficiently narrow, and S, (w)
is continuous around w;, then we approximately have

(1 9i() *) = Sow(wi)-

Thus two spectrometers really yield the same power spectrum of the received
voltage.
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This example gives us a clear image that the power spectrum, defined
as a Fourier transform of the autocorrelation of the input signal, is really a
“spectrum of the power” of the signal.

1.2.9 Fourier Transforms of Stationary Random Processes

So far, we have considered Fourier transformation of correlations of the sta-
tionary random processes. Now, let us proceed to consider the Fourier trans-
formation of the stationary random processes themselves.

Assume that a Fourier integral of a random process z(t) is given by

o0

Zwy:/z@n%Mﬁ. (79)

—0o0

Since z(t) is a random process in time ¢, it is natural to consider that Z(w)
is a random process in angular frequency w, i.e., it is a function of w, and its
value at any w is a random variable, which may vary from trial to trial.

If we apply the inverse Fourier transform to equation (79), we would have

Z@Z%/zm&w% (80)

i.e., we could express any random process in time ¢ as a superposition of
infinite number of frequency components, which are themselves random pro-
cesses in angular frequency w.

Strictly speaking, however, we must be aware that the convergence of the
intrgrals in equations (79) and (80) is not, in general, guaranteed, since the
random processes may have finite amplitudes from the infinite past to the
infinite future.

Of course, we could restrict the actual integration range to =7 < t < T
with sufficiently large T in order to force the integrals to converge. In fact,
durations of actual physical processes are most likely to be shorter than the
age of our Universe. However, a too strong emphasis on this point may cause
difficulties when we require stationarity to the random processes.

Special integral forms are often introduced in the literature to assure
the convergence. We will, however, just assume some kind of convergence
of the above integrals, without being heavily involved in the mathematical
strictness. Instead, we will concentrate our attentions to several simple but
useful statistical relations between the random process z(t) and its Fourier
transform Z(w).
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Properties of Fourier transforms of the random processes.

e Expectation of Z(w) is a Fourier transform of the expectation 7(t) of
2(t).
Proof -

Taking ensemble average of the two sides of the Fourier transformation
in equation (79), we have

(Z(w)) = / (2(t)) e~ dt = / n(t) e~ dt.

e If z(t) is a stationary random process, the expectation of Z(w) has a
delta—function form with respect to w.

Proof -

Since
(z(t)) = n = const,

we have

(Z(w)) = / ne~tdt = 2 d(w), (81)

according to equation (66).

e An autocorrelation of Z(w), defined as (Z(w1) Z*(ws)), is related to
a two—dimensional Fourier transform I'(wy, we) of an autocorrelation
R(ty, to) = (2(t1) z*(t2)) of z(t), which is

F(Wl, w2) = / / R(tl, tQ) eii(wltlerQtQ) dtl dtQ,

—00 —00

by a formula:
(Z(w1) Z* (we)) = T(wq, —ws). (82)

Proof -
From equation (79),

(Z(w1) Z*(wn)) = / / (2(t1) 2*(t2)) e~ i1t =w2t2) g, .,

== / / R(tl, tg) €7i(w1t17w2t2) dtl dtg == F(wl, —u)g).
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e If 2(¢) is a stationary random process, having a power spectrum S(w),
we have

(Z(w1) Z" (we)) = 2 S(w1) 0(w1 — wy). (83)
Proof -

Since, in view of the stationarity of z(t), its autocorrelation (z(t;) z*(t2)) =

R(ty, t2) = R(7) is a function of time difference 7 = ¢; —t, only. There-
fore,

(Z(w1) Z*(w2)) = / / R(ty, ty) e *@rtiezta) gt
= [ [ R@pyerierira arar,
= [ Rmyermar [t

=27 S(w1) 6(w1 — wa).

e If z(t) and y(t) are jointly stationary random processes, having a cross—
power spectrum S, (w), a cross—correlation of their Fourier transforms:

X(w) = /x(t) e ™dt, and Y(w)= /y(t) e~ dt,

is equal to
(X (w1) Y (we)) = 27 Spy(wr) 6(wr — w2). (84)

Proof :

Since the cross—correlation (x(t1) y*(t2)) = Ruy(t1, t2) = Ryy(7) is a
function of time difference 7 = t; — t5 only, we have

X(w1) Y (we)) = Ryy(th, to) e 1= gy, qt,
Y

- / [ Raylr)e it gr ar,
e}

A
= /Rggy(T) e~ T dr / e Hwi—wta iy,
— o0 —00

= 27 Spy(wr) 6(wy — wo).
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Thus, the autocorrelation and the cross—correlation of the Fourier transforms
of the stationary random processes are uniquely related to their power and
cross—power spectra by equations (83) and (84). Therefore, the Fourier trans-
forms of the stationary random processes can be regarded as useful tools for
calculating the spectra. The FX—type correlators, which first Fourier trans-
form input records and then cross—correlate them, are the realizations of this
principle.

Note that the expectation (Z(w)) in equation (81) has a delta—function
form with respect to the angular frequency w, that means not altogether
constant in w, except for a special case when (z(¢)) =n = 0. Also, the auto-
correlation (Z(w;) Z*(w2)) and cross—correlation (X (w;) Y*(ws)) in equations
(83) and (84) are not functions of angular—frequency difference w; — wsy only,
because of the dependence on w; in S(wy) and S,,(wy), except for special
cases of the complete white spectra, where S(w) = const and S,,(w) =
const. Therefore, the Fourier transforms of the stationary random processes
are not wide—sense stationary, in general, with respect to w.

1.3 The White Fringe
1.3.1 A Simple Interferometer

A radio interferometer, in its simplest form, can be illustrated as Figure 19.

V2

v

correlator

Figure 19: A simple interferometer.
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This ia a two—element interferometer consisting of identical antennas, identi-
cal receivers and a correlator, which is a combination of a multiplier and an
integrator (a time—averager). We ignore here the frequency conversion in the
receiving system, just regarding as if the correlation processing is performed
at RF (radio frequency) band.

For an infinitely distant point radio source, which we assume in this
simplified case, the important quantity in the interferometry, the geometric
delay 74, is given by

D-s Dsinf
Ty = = ,
c c
as we saw in equation (1), where D is the “baseline vector” connecting
reference points of two antennas, s is the “source vector” which is a unit
vector directed towards the point source, ¢ is the light velocity, and 6 is an
angle between the source direction s and a straight line perpendicular to the
baseline vector D in the plane formed by s and D. For simplicity, we assume
that the same wavefront of the electromagnetic wave from an astronomical
radio source are received by two antennas and then fed to a correlator with
a time delay, which is equal to the geometric delay 7,, ignoring small delays
occuring in the atmosphere, transmission cables and others.

We assume a case when the beam centers of the two antennas are exactly
oriented towards the radio source. Also, we assume that the source direction
is close to the plane perpendicular to the baseline, i.e., § ~ 0, and hence
the geometric delay 7, is within a small range around zero. Furthermore,
we ignore effects of motion of an observed radio source with respect to the
baseline, due for example to the diurnal motion of the Earth, just assuming
that the source is at rest or moving very slowly.

We ignore, at this stage, any contribution of the system noise, in order to
concentrate our attention to the basic characteristics of the correlated radio
source signals only.

In summary, we assume following properties for our simple interferometer:

e point—like radio source,

e identical antennas,

e identical receivers,

e correlation at RF-band,

e source motion is neglected,

e no delay other than the geometric,

e no system noise contribution.
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1.3.2 Received Voltages as Stationary Random Processes

Let us assume that the received voltage v(t), as well as the electric field inten-
sity F(t) of the radio wave which generates the voltage, are real stationary
random processes, satisfying the ergodicity. Here, we used a scalar function
E(t) for the electric field intensity, since any antenna can receive only one
polarization component of the electric field intensity vector E(t). Therefore,
E(t) here stands for a single polarization component of E(t) in a plane per-
pendicular to the direction of propagation of the transversal electromagnetic
wave, which is commonly received by two antennas of the interferometer.

In actual radio astronomical observations, we usually see that the recieved
voltage oscillates around zero value and its time average is just zero, i.e.,
time invariant. Also, the outputs of the correlators, which are time—averaged
products of the received voltages, are almost constant in time, as far as we
neglect the slow intrinsic time variability of the radio source. At the same
time, the correlator outputs vary when we artificially insert different time
delays between the two voltage time series, implying that they are functions
of the time delay (i.e., of the time difference).

Therefore, the situation, which we experience in our observations, is just
consistent with the stationarity and ergodicity assumptions.

Let us consider that the received voltage v(t) and the electric field inten-
sity F(t), generating the voltage, are related to each other by a linear system
with a real impulse response ¢(t):

o0

o(t) = B(t) % q(t) = / E(t - a) ¢(a) da. (85)

—00

Here ¢(t) stands for the response of the antenna—receiver system to the in-
cident radio wave, which, in particular, determines the frequency character-
istics of the system as a BPF (band—pass—filter) passing a limited frequency
range with a bandwidth Aw centered at wy.

As we stated above, we assume that the responses (i.e. ¢(t)’s) of the
antenna-receiver systems in the two antennas of our simple interferometer
are identical, for simplicity.

1.3.3 Cross—Correlation of Received Voltages

Let us denote the received voltages of the two antennas as v1(t) and v (?).
Since they are generated by the same electromagnetic wave from a radio
source, but arrived at two antennas at different times due to the geometric
delay 7,, we can express them through a common electric field intensity E(t)
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with different time arguments as:

o0

vi(t) = / Et—1,—a)q(a)da,
w(t) = [ E(t - a)ge)do, (56)

following equation (85). It is evident that vy (¢) and vy(t) are jointly station-
ary random processes, because they are the outputs of linear systems (here,
we assumed identical) with the same input stationary random process E(t).

Now, let us consider that v;(t) and v,(t) are fed to the correlator shown
in Figure 19. Since the correlation processing is the multiplication and inte-
gration of the signals, the correlator output R can be modeled as

Ta

rR-1 [ ottty (87)

Of course, (R) = (vi(t)va(t)), as far as vy (t) and vq(t) are jointly stationary
random processes. Also, in view of the ergodicity, R tends to (vq(t)ve(t)) as
the integration time 7T increases to the infinity:

R — (R) = (vi(t)va(t)), as T — oc. (88)

Therefore, assuming that the integration time is sufficiently long, we can
approximate the output as

R = (ui(t)va(t)) = Ry, (0), (89)

where R,,,(0) is the cross—correlation of the two jointly stationary random
processes v (t) and vy (t):

Ry, (T) = (01 (t)va(t — 7)), (90)
at zero time difference: 7 = 0.

Since vy (t) and wvy(t) satisfy equation (86), we have

oo o0

Rou(r) = [ [(B(t=7,—a)B(t—7—5))gl) q(8) dads

—00 —00
[o. oo o]

= / / Rpp(T — 19 — a+ 8) q(a) ¢(B) dadp, (91)

—0o0 —0O0
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where Rpg(7) is the autocorrelation of the common field E(t):
Rpp(t) = (E(t) E(t —T1)). (92)

Let us introduce the cross—power spectrum S,,,,(w) of the received volt-
ages v1(t) and vy(t), which forms a Fourier transform pair with the cross—
correlation Ry 4, (T), 1.€.; Ry (T) < Sy, (w), where w is the angular fre-
quency. Using Fourier transformation equation (56), the shift theorem given
in equation (69), and equation (91), we obtain

Svm(w) = /Rv1v2 e dr

-

:{f

/ Rpp(T (7") % q(—7") e dr’

77OREE(T—Tg —a—+0)q(a)q(B) dadﬁ] T dr

—0OC— 00

// Rep(t" — a+ B) q(a) ¢(3) dadﬁ} e~ dT/}e—z‘wg

e—ing

Furthermore, let us introduce a power spectrum Sgg(w) of the incident elec-
tric field intensity F(t), Spp(w) < Rgp(T):

SEE / REE mdﬂ (93)

and a system function Q(w) of the impulse responce ¢(t), Q(w) < q(t):

o0

O(w) = / g(t)e~™tdt. (94)
—00
Note that Sgg(w) is a real and even function of w, since E(t) is a real process,
and also Q*(w) = Q(—w) for the real impulse response ¢(t).
Then, in view of the convolution theorem in the Fourier transformation
given in equation (67), we obtain

Surus(w) = Spp(w) Qw) Q(-w) e ™™™ = Spp(w) | Qw) [* e, (95)

Inverse Fourier transformation of this equation yields the cross—correlation
Ry, (7):

Rurws(7) / ()T = o / Sep(w) | Q) [2 € dw.
T or

(96)
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Taking 7 = 0 in this equation, we obtain
17 ,
R 2 Foyan (0) = 5- / Spr(w) | QW) |2 e ™ dw. (97)

This is an equation which gives a relation between the expectation of the
correlator output (R) = R,,.,(0) of our simple interferometer and the spec-
trum of the radio wave coming from an astronomical source Sgg(w), filtered
by the frequency response | Q(w) |? of the antenna-receiver systems.

As the simplest case of the frequency response | Q(w) |2, let us assume a
rectangular filter:

G if wy— 2 < wl|<w+ 22,

| Q) = (98)

0 otherwise,

where wqg is the band—center angular frequency, Aw is the bandwidth in
angular frequency, and G is the “gain” of the antenna-receiver system which
is assumed here to be a constant coefficient, as shown in Figure 20.

2
Aw 4 QW) A®
R T R _
! ! .
—Wp 0 Wo

Figure 20: Rectangular frequency response of the antenna-receiver system.

On the other hand, it is usually safe to assume, for a continuum spectrum
source, that the power spectrum of the radio wave Sgpp(w) is almost flat, or
“white—noise”, in the filter passband:

Sgr(w) = S(wo) = S(—wp) = const. (99)

1.3.4 Amplitude and Phase Spectra of the Correlated Signals

In our simple interferometer, the cross—power spectrum S, ,,(w) of the re-
ceived voltages vy (t) and vy(t) is given by equation (95):

Smw("u) = SEE(W) | Q(W) |2 e s
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Figure 21: Amplitude (top) and phase (bottom) spectra of the cross—power spectrum.

In general, when we express a cross—power spectrum Sy, ., (w) as
Sozs (W) = afw)e ), (100)

in terms of amplitude a(w) and phase ¢(w), we call these functions of fre-
quency a(w) and ¢(w) the “amplitude spectrum” and the “phase spectrum”,
respectively, of the cross—power spectrum.

In the simple interferometer case, and when we assume the flat power
spectrum Sgp(w) (equqtion (99)) and the rectangular filter for | Q(w) |?
(equation (98)), the amplitude spectrum A(w) and phase spectrum ®(w) of
the cross—power spectrum Sy, ,, (w):

Sy (W) = A(w)e W), (101)
are given by
A(w) = Spp(w) | Q(w) [*= const, (102)
and
P(w) = wry, (103)

within the passband (see Figure 21).

Note, that the phase spectrum is expressed by a straight line, crossing the
origin and tilted by an angle ©, with an inclination equal to the geometric
delay: tan® = 7,. This is a general feature of phase spectra of continuum
spectrum sources which is widely seen in radio interferometer observations.

1.3.5 Correlator Output of a Band—Limited White Noise Signal

In the case of the rectangular filter and the flat spectrum source, equations
(97), (98) and (99) yield a simple form for the expectation of the correlator
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output R:

(R) = %?R /SEE(w) | Q(w) > e ™™ dw

[ woJr%
_ S(WO) G §R / e—iwrg dw
T

wo— _A;;

Aw
2

_ S(WO) G R e~ woTg / e—iw’rg dw’
Aw
2

™

2B S(we) & BT o), (104)

TDTy

where R stands for the real part of a complex quantity, B = Aw/(27) is the
frequency bandwidth, and w’ is chosen to satisfy w = wy + w’. In deriving

normalized cross-correlation

0.5

White Fringe with a Rectangular Band of 10 % of Center Frequency

T

[

! |

| \ -1
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! |
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! \

1 1 1
-8 -6 -4 -2 0 2 4 6 8
bandwidth times geometric delay B 1,

Figure 22: A normalized white fringe of a noise signal limited within a rectangular
frequency band of width B, equal to 10 % of central frequency (solid line). Horizontal axis
shows BTy, i.e. the geometric delay multiplied by the bandwidth. Also shown by dashed
lines is the behaviour of the 1/(7B7,) term which quickly supresses the fringe amplitude
with increasing 7.
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the above equation, we used a well-known integration formula:

x

T —ix
i e —e .
/e Py = —————— =2sinz.
)

—X

) . sinz . . .
A function having a form —— is known as “sinc function”.
x

1.3.6 Fringe Pattern Enclosed by Bandwidth Pattern

Figure (22) shows the expectation of the correlator output (R) of a white
noise signal from the radio source, which is limited within a rectangular
passband of width B, according to equation (104). The vertical axis shows
amplitude normalized by 2 B S(wy) G, and the horizontal axis shows the ge-
ometric delay 7, normalized by 1/B, i.e., B7,. In this figure, the bandwidth
B is chosen to be equal to 10 % of the central frequency (B = 0.1wg/27).

We again have a fringe pattern cos(wo7,) enclosed by an envelope, which,
in this case, has a sinc function form, and takes the maximum value at
7, = 0. The enclosed fringe pattern, obtained from the band-limited white
noise spectrum, is called the “white fringe”.

correlation peak
fringe spacing bandwidth pattern

illinee
R

fringe pattern

coherence interval

Figure 23: Technical terms describing the white fringe.

Figure 23 shows basic characteristics of the white fringe. The envelope,
enclosing the rapidly oscillating fringe pattern, is called “bandwidth pattern”.
A particular case of the rectangular band gives the sinc function pattern, as
we saw already. Other band shapes give different shapes of the bandwidth
pattern. But in any case, we always have the common feature, that the
interferometric fringes of finite amplitude are obtained within a limited range
of the geometric delay, enclosed by a bandwidth pattern, as far as the noise
signal is band-limited.
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Such a limited range of the geometric delay A7g, where the fringe pattern
has finite amplitude, is called “coherence interval”, and is roughly represented
by an equation Arg = 2/B, where B, in a general band—shape case, is a
quantity which effectively characterizes a bandwidth.

!
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Figure 24: White fringes with ceter frequency 8 GHz and various bandwidths: B = 8
MHz (top), B = 80 MHz (middle), and B = 800 MHz (bottom). Horizontal axes show
geometric delays covering a range from —30 to 30 nsec.

The fringe spacing (interval between successive peaks of the fringe pat-
tern) A7p, in terms of the geometric delay, is given by a condition woA71r =
27, therefore, At = 1/1y.

The peak of the bandwidth pattern, which allows to determine a precise
delay observable for the geodetic VLBI, is called “correlation peak”. Of
course, the peak is the sharper, the wider the bandwidth B, and therefore
the narrower the coherence interval is (see Figure 24).
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1.3.7 “Field of View” and “Angular Resolution” of Interferometer

A range of the geometric delay 7, = Dsinf/c corresponds to an angular
range in the sky. Figure 25 schematically shows the coherence interval and

oherence interval

Figure 25: Coherence interval and fringe spacing in the sky.

fringe spacing in the sky.

“Field of view” of an interferometer is determined by the coherence in-
terval. In fact, if our target source is out of the sky range corresponding to
the coherence interval, we almost cannot get any signal and therefore any
scientific information in our interferometry observations.

On the other hand, “angular resolution” of an interferometer is deter-
mined by the fringe spacing, as we will see later.

1.3.8 How Narrow Is the Coherence Interval in the Sky?

An angular extent Afp corresponding to the coherence interval Atp = 2/B
in geometric delay is schematically illustrated in Figure 26.

Following the assumption which we made earlier, we consider only a region
of the sky which is sufficiently close to the direction perpendicular to the
baseline of an interferometer with length D, and therefore 7, ~ 0.

For a source in the sky, which is separated from a plane perpendicular to
the baseline by an angle 6, the geometric delay 7, is equal to

Dsin 6

Tg =

, and, hence, 6 = arcsin <%) , (105)

Cc

where ¢ is the light velocity. Therefore, the angular extent Afp is

Afp = 2 arcsin (CATB) ~ CATS 2

= 1
2D D DB’ (106)
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18,

Figure 26: Coherence interval in the sky.

in the lenear approximation with respect to ¢/(DB).
The coherence intervals for several values of D and B are listed in Table 1.

bandwidth B 200 kHz | 2 MHz | 200 MHz | 2 GHz

ATp 10 psec | 1 pusec | 10 nsec | 1 nsec
D =100 m > 180° | > 180° 1.°7 0.°17
Afp| D =10 km 17° 1.°7 1.0 6.”2

D = 1000 km 0.°17 1.0 0.762 0.”7062

Table 1: Coherence interval values for various baseline length D and bandwidth B.

It is evident from this table that the coherence interval in the sky Afg
is fairly narrow for modern interferometers, especially for VLBI. Therefore,
passive observation modes, which would just “wait for” the passage of a
source through the coherence interval, are extremely ineffective and unreal-
istic, except in “classical” systems with baselines of ~ 100 m or shorter, and
bandwidths of ~ a few MHz or narrower.

Consequently, modern radio interferometers are usally equipped with spe-
cial means, which compensates the delay, by time—shifting one of two received
signals, as we will see later.

In VLBI, it is very important to know accurate positions of the radio
sources and accurate coordinates of the baseline vectors, for successful pre-
diction and compensation of the delay, which allow us to detect the fringe
within the quite narrow “field of view”, the coherence interval.
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1.3.9 How Narrow Is the Fringe Spacing in the Sky?

diurnal motion

N
fringe spacing

Figure 27: Fringe spacing in the sky.

Since the fringe spacing is Atp = 1/14, in terms of the geometric delay,
equation (105) gives the fringe spacing in the sky Afp, in the direction nearly
perpendicular to the baseline, as:

A
Abp = 50, (107)
where \g = ¢/1y is the wave length at the central frequency vy of the receiving

band (see Figure 27 and Table 2).

central frequency vy || 100 MHz | 10 GHz | 100 GHz
wave length g 3m 3 cm 3 mm
D = 100 m 1.°7 1.0 6.2
D =10 km 1.0 0.”62 0.7062
D = 1000 km 0.762 0.”70062 | 0.”00062

Table 2: Fringe spacing values for various baseline length D and central frequency 1.

The angular resolution of an interferometer is usually given by equation
(107), since the resolution is essentially determined by the fringe spacing, as
we will discuss later.

We have so far ignored any motion of the observed source with respect
to the baseline. However, every actual radio source moves in the sky due for
example to the diurnal motion of the Earth. Since the source then moves
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across the very dense peaks and valleys of the fringe pattern, the correlator
output of our simple interferometer in equation (104) oscillates rapidly (the
fringe oscillation).

In modern interferometers, this oscillation is so rapid that it causes a se-
rious problem in actual detection of the white fringe for the following reason.

So far, we have not taken into account the system noise contribution in
the received voltages, in order to focus our attention on specific features of the
correlated signals from a radio source, such as the white fringe. However, in
actuality, the noise inevitably exists everywhere. Moreover, in most cases, the
system noise emerging in the antenna—receiver system or in the atmpsphere is
much stronger than the signal from the astronomical source, as we discussed
in Chapter 2 and in subsection 1.2.4.

Therefore, we usually have to integrate (time average) the correlator out-
put for seconds, minutes, or even hours, in order to suppress the system noise
effect and firmly detect the white fringe of the signal with a high enough
signal-to—noise ratio. Such averaging time is far longer than the one needed
to detect the white fringe in the “signal only” case when the system noise is
negligibly small, as we saw in the ergodicity discussion of subsection 1.2.4.
We describe this “additional integration” as “integration of the correlator
output”, though the actual long—time integration could be performed in the
correlator itself, i.e. via long time averaging of the multiplier output by the
integrator.

A AN ANANA
RVAVAVAVAVAVAVE

Figure 28: What will come out, if we integrate (time average) this?

Nevertheless, if the signal component in the corelator output itself is
rapidly oscillating, simple averaging for a time span longer than the oscilla-
tion period would reduce the signal to zero (Figure 28). As a result, we
never detect the white fringe of the signal above the noise level.

Therefore, modern radio interferometers are usually equipped with special
means to compensate the rapid phase change, and stop the fringe oscillation,
as we will see later.
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2 A Realistic Radio Interferometer

2.1 Scope of the Problem
2.1.1 Limitations of the Simple Interferometer Model

The simple interferometer model, which we discussed in the previous section,
was helpful for understanding one of the most important concepts in radio
interferometry, the white fringe. Nevertheless, the simple model is far from
real modern radio interferometers in following aspects.

Extended Source

Source
3 structure
4 |
5
Beam Beam
Pattern1 - Pattern 2

Different
antenna-

Ay D :
receiver

Receiver 1 v Receiver 2 systems
( g )‘— Local Mixer Frequency
Oscillator conversion

o Instrumental Delay
—1 Delay tracking
Multiplier and fringe
Correlator stopping
Integrator

v

Figure 29: A realistic interferometer.

First, real radio sources are not mere points. They usually show struc-
tures, or intensity distributions, in the sky. Moreover, obtaining images of
the radio source structures is one of the main purposes of VLBI, or radio
interferometry in general. If the source is not point-like, the simple delayed
voltage model in equation (86), which was described through a single geo-
metric delay of a point source, is no longer valid.

Second, antennas and receiving systems in a radio interferometer are not
identical in general, especially in VLBI. Therefore, beam patterns and fre-
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quency responses of antenna-receiver systems may differ from each other,
unlike in the simple interferometer model.

Third, receiving systems in modern interferometers are usually based on
the superheterodyne design, and correlation processings are performed for IF
(intermediate frequency) signals after the frequency conversion, but not for
RF signals as assumed in the simple interferometer model.

Finally, the simple “wait—and—catch” type interferometer has two princi-
pal difficulties as we discussed in the last two paragraphes, namely (1) the too
narrow coherence interval results in too short time for observation, and (2)
the too narrow fringe spacing causes rapid fringe oscillation of the correlator
output due to the motion of the source with respect to the baseline, making
it almost impossible to integrate (time average) the correlator output to get
high enough signal-to-noise ratio. Therefore, we have to introduce special
means to compensate the geometric delay and the rapid phase change in the
correlator output. Interferometry specialists call the means “delay track-
ing” and “fringe stopping”. We will be able to observe a radio source
whenever it is above the horizon, only when we successfully realize such
means.

We will take into account all the above aspects in following discussions.

However, we will still neglect, for a while, small delays due for example
to the atmosphere and transmission cables, taking into account only the ge-
ometric delay. Also, we will ignore, as before, any contribution of the system
noise, in order to concentrate our attention to characteristics of correlated
radio—source signals.

Figure 29 illustrates a “more realistic” 2—element interferometer.

2.1.2 From Radio Source to Correlator. The Way of Thinking

In a realistic interferometer, signals from a radio source pass through a series
of processing units, antennas (ANT), law-noise amplifiers (LNA) and band-
pass filters (BPF), down—converters (FR CONV), delay tracking (DT) and
fringe stopping (FS), and then get cross—correlated (COR), as illustrated in
Figure 30.

The correlator output R, i.e. time-average of product of IF voltages
vr, (t) and vp,(t), tends to the cross—correlation R, vy (T) at 7= 0:

e}

/ Sy vp, (W) dw,

—00

1
o

<R> = R'UFI'UFQ (0)

with increasing integration time 7' (ergodicity), which is readily calculated

by integrating the cross—power spectrum Sy, vy, (w) of the voltages.
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Since each unit before the correlator is a kind of linear system (or filter),
cross—power spectra of outputs of ¢ — 1-th and i—th units are related to each
other through system functions of filter responses of the —th unit.

Figure 30: A realistic interferometer as a series of linear systems and a correlator.

Therefore, we can figure out the relationship of the correlator output
to the incident electric field, and then to the position and structure of the
source, by successively examining filter responses of all the units.

We will do this from the top to the bottom, one by one. As the first step,
we will examine a relationship between the power spectrum of the incident
electric field and the source structure (the intensity distribution).

2.2 Source Intensity and Incoming Electromagnetic Field

We will start our discussion on the realistic interferometer by considering
how an incident electromagnetic field, coming from a radio source and being
received by antennas, is related to the intensity (or brightness) distribution
of the source (Figure 31).

2.2.1 Source Coherence Function

We first address ourselves to a problem regarding properties of radio waves
from an extended radio source, specifically, whether radio waves coming from
different points of the source are mutually correlated, or not.

Let us choose a certain direction in the source (for example, the direction
of the maximum intensity), which is shown by a unit vector sq in Figure 32,
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Figure 31: Relation between the intensity distribution I, of a radio source and the
electromagnetic field F incoming from the source.

as a reference direction. Then we express a unit vector s, pointing towards
an arbitrary direction in the source, as s = sy + 0. We will use the “offset
vector from the reference direction” o = s — s¢, as a vector indicating an
element of the source at the direction s. For most of radio sources with small
angular extent, o is almost confined in the celestial sphere.

As a quantity characterizing the electromagnetic wave from the source,
we again choose a single polarization component of the electric field intensity
E(t), which is received by an antenna at time ¢. Since we now consider an
extended source, we introduce a component of the electric field intensity per
unit solid angle e(o, t), which comes from a direction o (see Figure 32). Then

Figure 32: Radio waves coming from different directions in a radio source.

73



the incident electric field from the whole source E(t) is given by

E(t) = / e(or,1)dQ, (108)

source

where df) is an infinitesimal solid angle element.

Now, let us consider a cross—correlation of electric field components e(o, t)
and e(o”’,t'), coming from different directions o and o’ (or s = s¢ + o and
s’ = sp+ o0’), and taken at different times ¢ and ¢’ (see Figure 32):

(e(oa,t)e(a’,t)).

Assuming again that e(o,t) and e(o’,t') are jointly stationary random pro-
cesses, we express the cross—correlation as a function of time difference 7 =
t—t"

v(o,0',7) = (e(o,t) e(a’,t')). (109)

We call this function v(e, o/, 7) the “source coherence function”.
Using this, we introduce a cross—correlation coefficient, as defined in equa-
tion (25), which we call the “normalized source coherence function”:

V(o o', 7)

Vo, 0,00v(a",07,0)

(o, o' 1) = (110)
V

(here, we assume that the expectation of the electric field is zero, i.e. {(e(o,t)) =
0, and therefore the cross—correlation is equal to the cross—covariance). Ac-
cording to the general property of the cross—correlation coefficient, the nor-
malized source coherence function always satisfies a condition:

0 §| ")/N(O',O'/,T) ‘S L.
Now we introduce following definitions.

1. Radio waves from different directions o and o’ are called “completely
coherent” if | yy(o,0',7) |= 1 for any 7, and “completely incoherent”
if | yv(o,0’,7) |= 0 for any 7.

2. A radio source is called “coherent” if radio waves from any different
directions o and o’ in the source are completely coherent, and “inco-
herent” if the waves are completely incoherent. In all other cases, the
radio source is called “partially coherent”.
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If someone puts many transmission antennas in a town, and broadcasts
a TV programm, then any “poor-reception—level” problem would simply
disappear. Instead, however, we would suffer from a serious “ghost” problem
(many shifted images on a screen, echoed voices,...) at least in an analog TV
system, since TV signals from different antennas are mutually coherent. The
“ghost” images would drastically change when we slightly shift or rotate our
TV reception antenna to an extent, comparable with the wavelength of the
TV signal. Therefore, it would even become difficult to know directions of
transmission antennas in the easiest way, i.e. by just rotating the reception
antenna and watching the screen. But if the TV broadcasting is turned
off, and only incoherent (independent) noises are emitted from transmission
antennas, it would become much easier to know their directions.

Fortunately or not, most of astronomical radio sources are known to be
incoherent, and, therefore, can be imaged relatively simply. This is because
radio waves emitted from the source regions are just mutually independent
noises generated by random microscopic processes occuring there. We will
assume hereafter that radio sources are incoherent.

Then, the source coherence function must be expressed as

Yo, o', 1) =7(o,7)0(0 — '), (111)

since radio waves from directions o and o’ are correlated only when o = o”.
The function (o, 7), defined by equation (111), is called the “self-coherence
function”.

2.2.2 Power of Electric Field Incident from a Certain Direction

Now we can express the autocorrelation Rgg(7) of the incident electric field
E(t) given by equation (108) through the self-coherence function:

Rpp(t) = (E@)E({)) = / / (e(o,t)e(a’,t'))dQdY = / / v(o, o', 7)dQdSY

source source

—// (o, 7)6(0 — o')dQdQ = /707 (112)

source source
Then, a mean square value (the “power”) of the electric field E(t) is given by
(B(t) = Reu(0) = [ (e,00d2, (113)
source

which implies that v(o, 0) is a “solid—angle density” of the power of the single
polarization component of the electric field in the direction of o.
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Consequently, if we consider a total electric field vector E(t), which comes
from a small solid angle element AS) towards a direction o, and includes both
of two independent polarization components, then its mean square value (or
power) is related to the self-coherence function at 7 =0 as:

(| E(0)|*) =~(0.0) AQ, (114)

N | —

for a randomly polarized electric field, where the coefficient 1 /2 corresponds
to the fact that (e, 0) includes only a single polarization component of the
electric field.

2.2.3 Poynting Flux

In order to reveal the relation between the incident electric field and the
source intensity (or brightness) distribution, we will use the Poynting vector
which we discussed in Chapter 2 as a quantity describing the energy flux of
the electromagnetic field.

Let us consider Poynting vector S(o) of an electromagnetic wave, which
comes from a small solid angle element AS) in a direction o. Let AS2 be so
small that the wave is well approximated by a superposition of monochro-
matic plane waves with various frequencies propagating towards the same
direction n = —s = —(s¢ + o). Let us denote m—th monochromatic plane
wave component (i.e. frequency component) of the electromagnetic field
quantities by suffix m.

For a monochromatic plane wave, we derived in Chapter 2 an explicit
form of Poynting vector S,,(o):

1
Sm(o) =En(0) x Hy(o) = Ak | Epn(0) %, (115)
in terms of corresponding electric and magnetic field intensities E,, (o) and
H,, (o), respectively, where Z is the intrinsic impedance of the medium, and
n is the unit vector showing the direction of propagation.
We introduce total Poynting vector S(o) of the electromagnetic wave as

b

a vector sum of all frequency components S,,(o)’s:

S(6) =3 Sulo) = 50 Y | Bulo)

Then mean total Poynting vector (S(o)) is given by
1
(S(e)) = Znd | En(o) [*).

m
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The term (| E,, (o) |*) here corresponds to a power of the electric field,
contained within an infinitesimally narrow frequency band. Such a power
is equal to the power spectrum at the central frequency of the band, multi-
plied by the narrow bandwidth, as we saw in the discussion of the filterbank
spectrometer in subsection 1.2.8. On the other hand, the total power of
the electric field (| E(o) |?), contained in the finite frequency bandwidth,

is simply equal to the integral of the power spectrum over the whole band-
width. Therefore, the total power must be just equal to a sum of powers of
all monochromatic plane wave components contained in the bandwidth:

(| Be) ) =2 (| En(o) ).

m

Therefore, an equation, which has the same form as the one in equation
(115) for a monochromatic plane wave, must hold also for the total mean
Poynting vector and the total power of the electric field with the finite band-

width, coming from a small solid angle AQ2 at direction o:

(S(0) = 5 n{| E(o) [}

(116)

‘lu,,,,
o H
iy, i
iy

\3
e
W
\\\\
!
“‘““
4|IlII“I““““II“III““

7

n

S(o)

Z

D

Figure 33: Poynting flux through a cross section.

Let us now introduce a new concpt which we call “Poynting flux through
a cross section”, or simply “Poynting flux”, defined as the energy of the
electromagnetic wave passing through a certain cross section of unit area,
during unit duration of time (Figure 33). If we denote a unit vector normal
to the cross section as IN, mean Poynting flux of the wave coming from the
direction o is given by a projection of the mean Poynting vector on IN:
(117)

1 2
(§(a)) - N = (| E(o) [) cos?,
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where 6 is an angle between the normal unit vector IN of the cross section
and the direction n of the wave propagation (see Figure 33).

Then we consider the mean Poynting flux (S) of the wave coming not
only from a small solid angle towards o, but from the all source area:

(5) = (S(0n) N = 2 3 Blo) ) cost,  (118)

n n

where Z means a summation over all small solid angle elements AQy, AQy, - - -

n
AQ,, - - -, towards directions o1, 03, - -, 0, - - -, correspondingly, covering the

whole source area, and 6, is an angle between the normal to the cross section
N and the direction of propagation n,, = —(s¢ + o,).

Meanwhile, we derived in equation (114) that the power of the incident
electric field is related to the self-coherence function of the radio source by

1
5 E(o2) [F) = v(00,0)AQ,
where A(),, is a small solid angle element towards a direction o,,. Therefore,

equations (114) and (118) yield

1

9 2
(S) = Z zn:<| E(o,) |")cosb, = 7 zn:”y(a'n,O) cos 0, AQ,,. (119)

Replacing the summation, with respect to the small solid angles, by an inte-
gration, we obtain the relation between the mean Poyinting flux (S) and the
self—coherence function (o, 7):

<S>:% / v(o,0) cos HdS2. (120)

source

Then, introducing Fourier transform (o, w) of the self-coherence func-
tion v(o, 7), i.e. v(o,7) < F(o,w):

o0

(o, w) = /")/(0',7') e T dr, (121)

1 [%9) 4
? - Y 9 uUT(i
(o, 7) 5 /”y(a' w) e“Tdw
—oo

we have
o0

1(e.0) = [ Flow)dr,

—0o0
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where v = w/(27) is a frequency corresponding to the angular frequency w.
Since Fourier transform of a real function is an even function of the frequency,
v(e,0) is reduced to

v(o,0) = 2/'}(0’,@0) dv. (122)
0
Therefore, the mean Poynting flux in equation (120) is now given by
47 1
(S) = 2/ / (o, w) cos O dQ dv. (123)
0 source

2.2.4 Electric Field and Radio Source Intensity — Electromag-
netics and Astronomy

As we saw in Chapter 1, results of radio astronomical observations are char-
acterized by a number of quantities, such as, “intensity” I,, “spectral flux
density” S, and “power flux density” S. These quantities are phenomeno-
logically defined in astronomy. For example, the intensity is defined as “the
quantity of radiation energy incoming from a certain direction in the sky,
per unit solid angle, per unit time, per unit area perpendicular to this di-
rection, and per unit frequency bandwidth with center frequency v”. As we
see, no electromagnetic quantity, such as electric field intensity E, or volt-
age v, appears in such a phenomenological definition. Therefore, we must
precisely establish a relationship between the electromagnetic and radioas-
tronomical quantities, in order to describe radioastronomical results in terms
of the electromagnetic quantities, which we actually deal with in our radio
telescopes.

Such a relationship was defined by IEEE (Institute of Electrical and Elec-
tronics Engineers) in 1977. According to the definition, the power flux density
in astronomy is equal to the time average of the Poynting vector in electro-
magnetics.

The power flux density S is defined in astronomy as “the quantity of
radiation energy, over the whole frequency range, incoming through a cross
section of unit area, per unit time”. This quantity is related to the spectral
flux density S,, and to the intensity I, as:

S = 78,, dv = 7 / I, (o) cos@dQ2dv. (124)
0

0 source

Since the power flux density is given with respect to a certain cross section
of unit area, we interpret the “Poynting vector”, in the IEEE definition as a
Poynting flux, passing through the same cross section.
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Then, the definition of IEEE (1977) requires that the mean Poynting flux
(S) must be equal to the power flux density S:

(5) =S, (125)

since, in view of the Ergodicity, the time average must be equal to the sta-
tistical mean, provided that the averaging time is sufficiently long. In view
of equations (123) and (124), (125) means

7 / ) cos@dQdv = —/ / (o,w) cos@dQdv. (126)

0 source 0 source

Generally speaking, equal integrals do not necessarily mean equal inte-
grands, of course. However, in our case of the stationary random signal from
an incoherent source, we can equate integrands of the both sides of equation
(126). In fact, the power of the electric field intensity is simply equal to
a sum of contributions from all components in frequency and spatial solid
angle. To make this point clearer, let us imagine a virtual source which
emits radiation only in limited frequency and spatial solid—angle ranges of
those of the actual radio source. The mean Poynting flux and the power
flux density from this virtual source are equal to those of the actual source
in the respective frequency and solid—angle ranges. They must be expressed
through the self-coherence function and the intensity, just in the same forms
as those given in equations (123) and (124), but with limited frequency and
solid-angle ranges of the integrations. Since the definition of IEEE (1977)
requires their equality, for this virtual source as well, equation (126) must
hold for arbitrary frequency range Av and arbitrary spatial solid—angle range

AQ, ie.,
4 ~
//L,(a') cos 0 dQ dv = E//”y(a',w) cos 6 d2dv,
AvAQ AvAQ

which means that the integrands must be equal to each other. Therefore,

L(0) = Si(o, «) (127)

This is a relation between the source intensity distribution and the spectrum
of the self-coherence funtion, which is the solid—angle density of the power of
the incident electric field. Thus, we successfully related the source intensity
distribution in astronomy to the incident electric field in electromagnetics.
Note that
Rep(r) = [ (o,7)d,

source
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and hence
Sop(w) = [ Flo,w)do
Therefore, (o, w) can be interpreted as a solid—angle density of the power
spectrum Sgg(w) of the incident electric field.
Finally, using equation (127), we obtain

SEE(W):g / 1,(0r)d2. (128)

source

This is the relation between the incoming electromagnetic field and the in-
tensity (or brightness) distribution of the radio source.

2.3 Field of View of a Single—Dish Radio Telescope

Before discussing interferometry case, we will examine, as a preparatory step,
how we can get source information by squaring a received voltage in a single—
dish radio telescope.

2.3.1 Voltage—Field Relation

The incident electric field is converted to the voltage in a radio telescope
antenna, and this voltage is processed in our detecting device (for example,
a square—law detector).

In order to consider the reception process, we introduce a voltage—field
relation which is described through a voltage reception pattern which char-
acterizes the antenna beam. Since such a pattern depends on the frequency,
as we saw in Chapter 2, we will use here Fourier transforms of the incident
electric field e(o,t) and the voltage v(t). e(o,t) here stands for the single
polarization component of the electric field incoming from unit solid angle at
a direction o, as before. The Fourier transforms are given by

o0

&0, w) = / e(o, t)e " tdt, (129)
(w) = / u(t)e tdt. (130)

Again, we assume that both e(o,t) and v(t) are stationary random processes.
Without being involved in details of electromagnetics, we just assume
that the received voltage at a certain frequency is proportional to incident
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v(t)

Figure 34: Voltage reception pattern.

electric field intensity at the same frequency collected by the antenna beam,
or by the voltage reception pattern which we denote as Q(o, w) (Figure 34).
Then, the voltage—field relation is given by

5(w) = / &(o, w)Q(a, w) dS. (131)

Note that the voltage reception pattern thus defined has a dimension of
length (unit of voltage is V and unit of electric field intensity is Vm™).
The voltage reception pattern is, in general, a complex quantity, since the
reception process might be associated with some energy dissipation.

2.3.2 Power Pattern of a Receiving Antenna

Let us now consider a relationship between the voltage reception pattern,
as defined in equation (131), and the power pattern of a receiving antenna,
which we phenomenologically introduced in Chapter 2.

Introducing an autocorrelation R, (7):

Ry (1) = (v(t) v(t')), (132)

and a correspondig power spectrum S, (w):

o0

Soo(w) = / Ruo()e~ " dr, (133)
]' T WT
Ro(7) = o / S (W) duo,
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of the received voltage v(t), we describe averaged squared voltage as

(W2()) = Ryu(0) = 2 / S (w) dv.

0

Then, the mean power W in a receiving circuit with a resistance R must be
equal to the squared voltage divided by the resistance:

W= 0/ W, dy = & ét» - R”;(O) — % O/ Sou(w) dv, (134)

where W, is the received power per unit bandwidth. Since this relation must
hold for any segment of frequency with arbitrary bandwidth Av, integrands
must be equal to each other. Thus we have

2
W, = ﬁSw(w). (135)
Now, let us express the power spectrum S,,(w) in terms of the incident
electric field intensity. For this purpose, we first calculate the autocorrelation
of the Fourier transform o(w) of the received voltage v(t). In view of equation
(131), we have

(5(w)5* (&) = / / (@0, )& (0", ') Qo w)Q* (o, )AL, (136)

source

As we stated before, we assume that incident electric fields are stationary
random processes. Therefore, the cross—correlation of their Fourier trans-
forms (é(o, w)é* (o', w')) must satisfy the general relation given in equation
(84), namely

(é(o, w)e* (o', W) =21%(0, o', W) d(w — W), (137)
where -
(o, o', w) = / (e, a', T)e “Tdr,

is the cross—power spectrum of the incident electric fields from two directions
o and o’, or Fourier transform of the source coherence function v(o, o', 7),
which we defined in equation (109).
For an incoherent source, the source coherence function satisfies equation
(111):
'7(07 0/7 T) = 7(0-7 T) 5(0- - 0-,)7
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where (o, 7) is the self-coherence function. Therefore, its Fourier transform,
i.e. the cross—power spectrum, must satisfy

(o, o', w) =9(o, w) (o — o). (138)
Hence, equation (137) is reduced to
(é(o,w)e*(o’,w")) =219(o,w)d(o — 0')o(w — ). (139)

Inserting this to equation (136), we obtain

(17(w)17*(w')>:27r[/ Ao,w) | Qlo,w) |2 dQ| 6w — ). (140)

ource

On the other hand, according to the general property of Fourier trans-
forms of stationary random processes as given in equation (83), the autocor-
relation (0(w)0*(w’)) must be related to the power spectrum S,,(w) of the
voltage as:

(0(w)0* (W) = 2w Syp(w)d(w — ). (141)
Thus, from equations (140) and (141), we obtain

Su@) = [ He.w) | Qo.w) [P, (142)

source

or, taking into account equations (127) and (135),

W, = o2 / o) | Q(o,w) 2 dS. (143)

source

Meanwhile, in discussions of radio telescope antennas in Chapter 2, we
derived an equation:

W, = -A, / 1(0)Py(c)d, (144)

source

for the power per unit bandwidth W, received by an antenna, where P, (o) is
the normalized power pattern and A, is the effective aperture of the antenna,
and [,(o) is the intensity distribution of the observed source.

Equation (143) must be equivalent to this equation (144). Then, noting
again that we can select arbitrary solid angle as the source range, we can
equate integrands of equations (143) and (144), to obtain

Qo.w) P= S AP.(o). (145)
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This is the relation between the voltage reception pattern and the normalized
power pattern which determine the field of view of a radio telescope.
Now equation (142) is reduced to

Sy () = iAe | 1) Puo)as, (146)
source
in view of equations (127) and (145). This means that the power spectrum of
the received voltage is proportional to the intensity collected by the antenna
power pattern, which we called the “effective flux density” in Chapter 2 .
Thus, by squaring the received voltage, we confirmed once more that a
single—dish radio telescope is a “huge power meter” indicating the effective

flux density, and thus capable of revealing source image by scanning its beam.

2.3.3 New Dimensions of Voltage and Electric Field

For further discussions, it is convenient to redefine the volatage and the
electric field intensity as

v(t)

—= — v(1),

R

e(o, t)

N

to eliminate constant coefficients of the resistance R and the intrinsic impedance
7, which may cause rather complicated appearances of our equations. Then,
dimensions of the voltage and the electric field intensity change to

— e(o, t), (147)

e voltage v [electric power]!/? (W1/2)

e clectric field intensity e [power flux density]'/? (W2 m™!),

and we have

Sl Suw)
R vU )

iow) (o, w) (148)
Z M )

for the power spectra of the voltage and the electric field intensity.
Let us further redefine the voltage reception pattern as

Z
[Zotr.0)— Qo) (149
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Then, the voltage — field relation remain in the same form as equation (131):
(w) = / &(or,w0)Q(or, w)dS,

and we obtain simple expressions:
W, = 28, (w),
I, (o) = 43(0o,w), (150)
AFy (o) = | Qo,w) %,

for the power per unit bandwidth, the source intensity, and the normalized
power pattern. We will use these new definitions in further discussions of
radio interferometry.

2.4 How Does an Interferometer View the Universe?

SVF1VF2( (A)) Vr:
COR

R

Figure 35: Cross—power spectrum of “just received” voltages.

We consider now a cross—power spectrum of voltages “just received” by
antennas, and discuss how the cross—power spectrum is related to the inten-
sity (or brightness) distribution of the source (Figure 35).

This will also be an important step towards getting an answer to a fun-
damental question of radio interferometry: how we can obtain an image of a
radio source by cross—correlating received voltages (Figure 36).
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Figure 36: A fundamental question on radio interferometry. In case of a single-dish
radio telescope with a square-law (SQ) detector, we can regard the telescope as a “huge
power meter” detecting a power coming from a beam direction. Therefore, it is intuitively
easy to understand that, by orienting the telescope beam towards different directions of
the sky, we can obtain distribution of the power from a radio source, i.e. its intensity (or
brightness) distribution. On the other hand, it is not intuitively clear, at least at first,
why we can obtain the intensity distribution of a source, such as shown in left panel, by
cross—correlating voltages received from the source at different antennas. Left panel is a 5
GHz VLBI image of a quasar 3C 380 (figure courtesy of EVN).

2.4.1 Geometric Delay of a Point in an Extended Source

Let us again consider a two—element interferometer, such as shown in Figure
37. Since we now consider an extended source, we no longer have a single
geometric delay, such as the one we had for a point source. Instead, we
introduce a concept of a geometric delay of a point in the extended source.
Let a baseline vector D be drawn from antenna 1 to antenna 2, and let a unit
vector s = sg + o point towards a certain direction within a radio source,
where sg shows a reference direction of the source, as before.

A geometric delay of the point s, i.e. the time interval between arrivals
of the same wave front from the direction s at two antennas, is given by

D-s D. .o
= =T +T, (151)

go

4(0)

@)

D'SO

where c is the light velocity, 7, = is a geometric delay of the wave

coming from the reference direction sy, and o = s — sq is the offset vector
showing the direction s within the source. As we stated before, we ignore
here any atmospheric or instrumental delay, other than the geometric delay.

Now, the electric field intensities e; (o, t) and es(o, t), with a single po-
larization component, which arrive at two antennas at a certain time ¢ from
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Figure 37: Geometry of a two element radio interferometer.

the same direction o, are described through a common incident field intensity
e(o, t) representing the same wave front, as

(152)

Since we assume that e(o, t) is a stationary random process, e;(o, t) and
ex(o, t) are jointly stationary random processes. Then, their Fourier trans-
forms é;(o,w) and é3(o,w) are given by

(0.7 w)efing(O')’

éy(o,w) = é(o,w),

where é(o,w) is the Fourier transform of e(o, t). We used the shift theorem
given in equation (69), to derive the upper one of equation (153).

a
ah
—
&
SN—
|
™

(153)

2.4.2 Cross—Power Spectrum of Received Voltages

The electric field intensities, coming from the whole area of the source, are
converted to voltages at the two antennas according to the voltage—field re-
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lation which we showed in equation (131), i.e.

iw) = [ @e,w)Qio,w)de,

source

Ba(w) = / &s(0r, w)Qs(, w)dS2. (154)

source

Therefore, their cross—correlation is given by

@) W) = [ [ (@le, @)E(e, o)Qile, @)Qi(e, o).
(155)
In view of the delayed common field nature of the incident fields, we can
describe é;(o, w) and é3(o’, w’) through the common field é(o, w) as given
in equation (153). Thus, their cross—correlation is reduced to

(&1(o, w)Es(a’, W) = (é(o, w)E* (o', W'))e s0), (156)
As we saw in equation (139),
(é(o, w)e* (o', W) =2r1%(0, w)d(o — ') d(w — W),

where (o, w) is the Fourier transform of the self-coherence function of the
incident field, since we assume that the electric field is a stationary random
process and the radio source is incoherent. Therefore, equation (155) is now
reduced to

(01(w) 03 (W) =27 [ / Ao, w) Qi(o, w)Qi(o, w)e @) dQ} d(w—w').

(157)

On the other hand, since voltages received at two antennas are jointly

stationary random processes, the cross—correlation of their Fourier transforms

and their cross—power spectrum are related to each other by the general
formula given in equation (84):

(01 (w) 05 (W")) = 278y, (W) d(w — ). (158)
Then, from equations (157) and (158), we obtain

Sunn@) = [ 3o, @) Qilo, @) Qalo, w)e =@ a0, (159)

source

This is a relationship between a cross—power spectrum of received voltages
from a source and a self-coherence function of the same source. Also, this is
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an interferometer analog of the single-dish relationship, which we derived in
equation (142):

Swl@) = [ Flo.w) | Qo) [*do

source

2.4.3 Normalized Power Pattern of an Interferometer

In view of equation (150), we know that the Fourier transform (o, w) of
the self-coherence function and the source intensity distribution [,(o) are
related to each other by an equation:

. 1
’7(0-7 w) - Z L,(0'>.
Furthermore, equation (150) also shows that the voltage reception pat-
tern Q(o, w) and the normalized power pattern P, (o) of a single-dish radio
telescope are related to each other as

A, Py(o) = Q(o, w) |2,

where A, is the effective aperture of the antenna. So, let us introduce here
an analog of this equation in our interferometer case:

Ag Ay(o) = Q1(0, w) Q5(o, w), (160)

where Aj is a geometrical mean of effective apertures of two antennas:

Aog =/ Ae, Ay, (161)

and Ay(o) is a quantity which we call “normalized power pattern of an
interferometer”.

When the two voltage reception patterns (); and ()5 are real quantities
(i.e., there is no phase change associated with the field to voltage conversion),
or they have equal phases, Ay(o) is described through the normalized power
patterns P,; and P,5 of the two antennas as:

Ay(o) = /P (o) Py(0). (162)
Now, taking into account equations (150), (151) and (160), and denoting
D o

C

wTy(o) =wy +w =wTy, + 21D, 0o, (163)
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where D, = D/ is the baseline vector normalized by the wavelength A =
2mc/w, we can rewrite equation (159) in a form:
1 —iWT, —i2n Do
Sunra(w) = 7 Ap 0 / An(o) L(a) e 2 Dxoq0. (164)

source

This equation gives a relationship between the cross—power spectrum of
the received voltages and the intensity distribution of the radio source. This
is an interferometer analog of the power spectrum — intensity relationship in
a single dish radio telescope, which we obtained in equation (146):

Su@) = 1A [ Puo) Lio)d

source

2.4.4 Complex Visibility

We can formally expand the range of integration in equation (164) to the
whole sky, since I,(o) = 0 beyond the edge of the source, and, for sources
far from the antenna beam, Ay(o) = 0. Then, the cross-power spectrum of
the received signals is given by

1 4 .
Sun(@) = 7 Ao ™™ § Ay (o) I(o) e DT aq,
We call the integral in this equation “complex visibility”, or “fringe visi-
bility”, or just “visibility”, and denote it as V(w), i.e.

V(W) = 74 An(0) L (o) e Dro o (165)

We can describe the complex visibility through its amplitude | V(w) | and
phase &, as 4
V(w) =| V(w) | e, (166)

¢

The amplitude | V(w) | is called “visibility amplitude” or “correlated flux
density”, and the phase ®, is called “visibility phase”.

The complex visibility as shown in equation (165) has a dimension of the
flux density (w m~2 Hz™!). In fact, the complex visibility is an interferometer

analog of the effective flux density S, received by a single-dish antenna
S, = 7{ Pu(o) L(0) dQ, (167)
which we introduced in Chapter 2, where P,(o) is the normalized power

pattern of the antenna as before. This is why the visibility amplitude is also
called “correlated flux density”.
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Although equations (165) and (167) look similar, there is a big differ-
ence as well. While equation (167) shows that the effective flux density is
an “intensity collected by an antenna beam” P,(o), equation (165) shows
something different in view of the existence of e=®?™*0 term. This term
represents the fringe pattern of the interferometer, and usually (at least in
modern interferometers) varies with o much more rapidly than the normal-
ized power pattern of an interferometer Ay (o) also figuring in equation (165).
Therefore, we can regard the complex visibility as an “intensity collected by
a fringe pattern” of an interferometer.

The cross—power spectrum of the received voltages is given through the
complex visibility as:

1 ,
Sores (W) = 7 Ao ™70 V(w). (168)
This is an interferometer analog of the single—dish relation:

Soo(w) = EWV = 1Ae Sy, (169)
2 4

where A, is the effective aperture of the antenna, and W, is the received

power per unit frequency, as before.

The complex visibility V(w) is the fundamental quantity for “imaging”
(or infering structure of) an observed source, and the geometric delay 7, of
a reference direction of the source is the fundamental quantity for geodetic
VLBI, as we will discuss later. Note that they are both contained in the
cross—power spectrum of the received voltages as shown in equation (168). We
can say that a radio interferometer views the universe through the complex
visibility and the geometric delay.

2.4.5 “Quasi—Static Approach”

In the cross—power spectrum of the received voltages shown in equation (168),
both the geometric delay 7,, and the complex visibility V(w) usually vary in
time ¢, because the baseline vector D changes its direction with respect to
the source direction s due for example to the diurnal rotation of the Earth.

Therefore, strictly speaking, the condition for the stationary random pro-
cess is violated here, because statistical quantities, the cross—power spectrum
in the present case, depends on time.

In actuality, we implicitly introduced this inconsistency when we assumed
that received voltages in equation (86) for the simple interferometer, and
also incident electric fields in equation (152) for the realistic interferometer,
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are jointly stationary random processes, ignoring the time variability of the
geometric delay.

However, we will keep using formulae for the stationary random processes
in further discussions, simply assuming that the time variation is slow enough
for applying the concepts of the stationary random processes.

We will use this “quasi—static approach” whenenver we will discuss time
variable correlations of our signals due to clock—offset, atmospheric refraction
effect, cable extension, as well as delay tracking and fringe stopping.

2.5 Response of RF Filter

The “just received” signals are usually amplified and band—pass filtered,
before the frequency conversion, in cm— and long mm—wave observations.
Therefore, we now consider responses of the RF filters composed of LNAs
(low noise amplifiers) and BPFs (band-pass filters) (Figure 38). In cases,
when first stage devices in receiving systems are mixers, such as SIS mixers
used in short mm-wave observations, this step must be simply ommited.

SVF1VF2( (A)) Vr:
COR

R

Figure 38: Cross—power spectrum of RF voltages.

2.5.1 RF Filter as a Linear System

Let us model an RF filter by a linear system, whose input is the “just re-
ceived” voltage v(t), output is an RF voltage vg(t), and filter response is
described by a real impulse response hr(t), as illustrated in Figure 39.
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vr(t) l RF voltage

Figure 39: An image of an RF filter.

Then, we have
vr(t) = v(t) * hg(t). (170)
In view of the convolution theorem given in equation (67), Fourier trans-
forms 0(w) and vg(w) of v(t) and vg(t), which we assume to be stationary
random processes, and system function Hg(w) of the impulse response hg(t):

v(t) © 0(w), wvr(t) < og(w), hg(t) < Hg(w), (171)

satisfy
r(w) = 0(w) Hr(w). (172)

The system function Hg(w) here stands for effects of gain in the LNA and
band—pass characteristics of the BPF.

2.5.2 Cross—Power Spectrum of RF Voltages

Thus, for Fourier transforms of input voltages v (t) and wvy(t), received at
two antennas, and output voltages vgi(t) and vge(t) from RF filters, with
impulse responses hgi(t) and hgo(t):

v1(t) © 0 (w), vri(t) © Op(w), hr(t) < Hr(w),

Ug(t) = ﬁg(u)), URQ(t) = /&RQ(W), hRg(t) = HRQ(W), (173)
we have
g1 (w) = 01(w) Hpr(w),
Upa(w) = Do(w) Hpa(w). (174)
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Therefore, cross—correlation of ¥g;(w) and Ugo(w) is givn by
(Up1 (W) Vo (W) = (01(w) D3(w")) Hpi(w) H (W) (175)

Now, in view of the general properties of cross—correlations of Fourier
transforms of stationary random processes, given in equation (84), we have

(0r1(w) Dy (W) = 27 Sy gy () 6w — W),
(01(w) D3 (W) = 2 Sy (w) 6 (w — ), (176)
where Sy, (w) and S, vp, (W) are cross-power spectra of input voltages vy ()

and vy(t), and output voltages vgi(t) and wvge(t), respectively, of the RF
filters. Consequently, equation (175) yields a relation:

SlevRQ (w) = Sv1U2 (w) HRl(w) HIEZO”)? (177)

between the cross—power spectra of the input and output voltages.
Note that the cross—power spectrum of the received voltages Sy, (w) is
related to the complex visibility of an observed source by equation (168).

2.6 Frequency Conversion in Radio Interferometers

SVFAVFz((L))
COR

R

Figure 40: A relation between a cross—power spectrum S,,,,,,(w) of IF voltages and a
cross-power spectrum Sy, vp, (w) of input RF voltages.

It has been technically difficult to cross—correlate voltages at RF frequen-
cies higher than ~ 1 GHz. Therefore, in modern radio interferometers, the
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RF voltages are usually frequency—converted to lower IF frequencies before
the correlation processing.

So, let us now consider how cross—power spectra S, q,,(w) of IF volt-
ages after the frequency conversion are related to the cross—power spectra
Svmvne (W) of RF voltages (Figure 40).

It is interesting to examine, in particular, if the condition of stationary
randomness of the RF voltages is conserved after the frequency conversion.

2.6.1 Fourier Transform of IF Voltage Signal

We often perform an actual frequency conversion through several separate
conversions (a multi—step conversion scheme), sequentially shifting a spectral
range containing observed data from higher frequencies to lower frequencies,
step by step. However, we assume here a simplified single—step conversion
scheme where RF voltage is down—converted to final IF voltage at once.
Basically, a single-step conversion is equivalent to a multi—step conversion,
as long as total frequency shift and total band—pass characteristics are the
same in both schemes. Therefore, our single—step assumption will not lower
generality of following discussions.

Mixer LO

hi |

Figure 41: A simple image of a frequency converter.

Let us consider a simple frequency converter, as illustrated in Figure 41,
which is composed of a local oscillator (LO), a mixer, and an IF filter. LO
generates a reference signal with a frequency wro and an initial phase ¢;0,
and the mixer multiplies the RF voltage vg(t) by the reference signal. Gen-
erally speaking, we can arbitrarily choose an amplitude of the LO reference
signal. We adopt here 2 cos(wrot + ¢ro) as the reference signal, since the
coefficient 2 gives a simple form of the IF voltage after the down—conversion.

Now, a mixer output voltage v,,(t) has a form:

Um(t) = vr(t) 2 cos(wrot + dro) = vg(t) [@rottoro) 4 gmilwrot+éro)] — (178)
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Therefore, in view of the shift theorem given in equation (69), a Fourier
transform o,,(w) of vy, (t) (i.e., vy, (t) & U,(w)) is given by

ﬁm(u)) = @R (w — wLo) eid)l‘o + 1~)R (w + wLo) €_Z¢LO, (179)

where Ug(w) is again a Fourier transform of the RF voltage vg(t).

An IF filter is usually composed of a BPF and an IF amplifier. So, let us
denote an impulse response and a system function of such an IF filter as h;(t)
and Hj(w), respectively. They form, by definition, a Fourier transformation
pair:

hi(t) < Hr(w). (180)
Then, an IF voltage signal v;(t), which is an output of the IF filter, is de-
scribed through the impulse response hy(t) as

vr(t) = vp(t) * ha(t). (181)

Therefore, in view of the convolution theorem given in equation (67), we
obtain a Fourier transform o;(w) of the IF voltage signal v;(t) (i.e., v;(t) <
07(w)) in a form:

U7(w) = O (w) Hy(w)
= [@R (w — u)Lo) Gid)l‘o + 1~JR (w + wLo) 6_i¢LO] H[(w). (182)
2.6.2 Cross—Correlation of Fourier Transforms of IF Signals

Let us now consider the frequency conversion in an interferometer using a
model schematically illustrated in Figure 42.

Antenna 1 Antenna 2
vr: (B) vr: (t)

2 cos(wxrot + Qo1 2 cos(wrot + Qroz)
Mixer ® Cosfirol * ot [T] Costiaol + @os ® Mixer

Umi (8) Umz (1)
IF filter Eulj EZ‘IF filter
vn (1) vz (t)

Figure 42: Frequency conversion in an interferometer.

All notations in the previous subsection are used here again with new
sufficies 1 and 2, which distinguish voltages and devices in antennas 1 and
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2. We assume here that reference signals with a common frequency wro are
fed to two mixers, based on an image of a connected—element interferometer,
which is equipped with a common frequency standard. This assumption is
not fully applicable to VLBI, and we will discuss related problems later.

Now, the Fourier transforms of the IF voltages from antennas 1 and 2 are
given by

6[1(&)) = [ﬁRl (w — wLo) 6i¢LOl + ’1731 (w + wLo) 67i¢LOl] Hn(w),

ﬁ[g(u)) = [URQ (w — wLo) 6Z¢LO2 + ﬁRQ (w + wLo) €_i¢l‘02] H]g(w). (183)

Therefore their cross—correlation is

<1~)Il(w) U?z(w/)) = < [~R1 (w — wLO) ei¢L01 + Vg (w + WLO) €*i¢L01]
X [Ty (' — wro) €702 4 Ty (' + wio) €9102] )
x Hp(w) Hiy(w')
ei(¢Lo1—¢Lo2)

)

> e—i(¢Lo1—¢Lo2)
> ei(¢>LO1+¢>Loz)
)

e—i(¢L01+¢Lo2) ]

X Hpy(w) Hrp(w )' (184)

Since RF voltages vg;(t) and vge(t) are assumed to be jointly stationary
random processes, their Fourier transforms must satisfy the general formula

<6R1 (w) 67%2( )> 2m S'URlvRQ( ) 5(("} - w,)’ (185)

as given in equation (84), where S, ,p,(w) is the cross—power spectrum of
RF voltages given in equation (177). Therefore, we obtain

(011 (w) D7(w"))
=27[ S ( )e i(¢Lo1~dLO2) Hp(w) Hiy(w) d(w — o)
+ Supyon (W + wro) e P10170102) Hyy (W) Hjp(w) 6(w — )
+ Slesz (w WLO) i(pro1+¢Lo2) Hn(w) H;Z(w _ QWLO)
X 0w —w —2wro)
+ Sy pops (W + wro) e”H0L01+9L02) i (W) Hiy(w + 2wi0)
X 0w —w' +2wro)]. (186)

vR1vR2 \W T WLO

First two terms in RHS of equation (186) are proportional to é(w — w'), and
therefore, satisfy the condition of jointly stationary random processes, given
in equation (84). However, third and fourth terms in RHS of equation (186)
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are proportional to d(w — w' — 2wrp) and §(w — W' + 2wrp), respectively,
and therefore, do not satisfy the condition of equation (84). Consequently,
generally speaking, IF voltages after the frequency conversion may not be
jointly stationary random processes, i.e. their cross—correlations may depend
on time. This is not surprising, because the mixer output v,,(¢) in equation
(178) is a product of the RF voltage with a LO reference signal, a regular
sinusoidal oscillation, which is not random, nor stationary.

2.6.3 Roles of Low—Pass Filters

Nevertheless, if the cross—power spectrum of the RF voltages is band—limited
within a certain frequency range, and the IF filters are designed to pass a
suitable low—frequency range only, we can make filter out the third and fourth
terms, so that resulting IF voltages become jointly stationary.
In fact, if the cross—power spectrum of the RF voltages is band-limited
within a range:
0<w <|wl|< ws, (187)

and IF filters Hjj(w) and Hje(w) are both confined within, or proportional
to, a rectangular low—pass filter Hyp(w):

1 for|w|< we,
HLP(CU) = ) (188)
0 otherwise,

with a cut—off frequency w,, which satisfies conditions:

Wo —WwWro < We,
wro — wy < We, (189)

we < Wy +WwWro,

then, we can eliminate the third and fourth terms in RHS of equation (186),
as illustrated in Figure 43.

Figure 43 shows real and imaginary spectral shapes of original complex

cross—power spectrum Sy, vy, (w) (solid line) in RF-band, and two “shifted”
spectra figuring in equation (186), namely, Sy, vq, (w + wro) (dotted line),
and Sy, vp, (W — wro) (broken line).
Svpivme (W) 1s shown here as Hermitian symmetric according to equation
(61), since corresponding cross—correlation Ry, (7) is real. Sy, pp, (W +
wro) has the same spectral shape as the original S, 4., (w), but shifted by
wro towards lower frequency side, while Sy, 4., (w —wro) also has the same
spectral shape, but shifted by wyo towards higher frequency side.
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Figure 43: Original complex cross—power spectrum Syp, v, (w) (solid line), and shifted
(in frequency) spectra Sy, vps (W+wro) (dotted line) and Sy, 05, (W —wro) (broken line).
Boxes assigned with encircled numbers show frequency ranges corresponding to passbands
of filters Hyp(w+2wro), Hrp(w), and H,p(w — 2wr,0), respectively. Only those parts of
spectra which are confined within the central box can be passed through the product of
IF filters Hyi(w) Hj5(w) in equation (186).

Both spectral functions Sy v, (W + wro) and Syu,ep, (W — wro) consist
of lower—frequency and higher—frequency parts, corresponding to negative—
frequency and positive—frequency parts of the original band—limited RF cross—
power spectrum Sy, v, (w). They are confined in three frequency ranges
shown by boxes D, @), and @ in Figure 43. These frequency ranges cor-
respond to passbands of rectangular filters Hyp(w + 2wro), Hrp(w), and
Hpp(w—2wro), respectively, which are defined by equations (188) and (189).

Let us now examine contributions from 4 terms in RHS of equation (186),

one by one.

1. In the first term, the lower—frequency part of S, ., (W — wro), which
is inside the box @), can be passed through the product of IF filters
Hpi(w) Hjy(w), but the higher frequency part, which is inside the box
@, is cut off by the same filter product.

2. In the second term, the higher-frequency part of S, v, (W + wro),
which is inside the box @), can be passed through the product of IF
filters Hyy(w) Hjy(w), but the lower frequency part, which is inside the
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box (D, is cut off by the same filter product.

3. In the third term, the entire spectrum S, ., (W —wro) is cut off by the
product of IF filters Hjj(w) Hjo(w — 2wip), since the lower—{requency
part, which is inside the box @), is cut off by the filter H},(w — 2wro),
while the higher—frequency part, which is in @), is cut off by the filter

Hn(w).

4. In the fourth term, again, the entire spectrum Sy, vn, (W + wro) is cut
off by the product of IF filters Hpi(w) Hy(w + 2wro), since the lower—
frequency part, which is inside the box (D, is cut off by the filter Hyy(w),
while the higher—frequency part, which is in @), is cut off by the filter
Hiy(w+2wro).

Thus, in the RHS of equation (186), the third and fourth terms are reduced
to zero, and only first 2 terms, with the higher—frequency part of Sy, vy, (W +
wro) and lower—frequency part of Sy, 0y, (W —wro), are left.

Therefore, after the low—pass filtering, equation (186) is reduced to

(011 (w) O75(w"))
= 27[S,
+S'UR1UR2 (w —WwWLo

X Hypy(w) Hiy(w) d(w — ). (190)

(w + WLO) e—i(¢L01—¢Lo2)
) ei(¢L01*¢Loz)]

R1VR2

This equation has a proper form of a cross—correlation of Fourier transforms
of jointly stationary random processes, which is proportional to §(w — w') as
given in equation (84). Consequently, the IF voltages v (t) and vro(t) can
now be regarded as jointly stationary random processes.

2.6.4 Relationship between RF Spectrum and IF Spectrum

Since jointly stationary IF voltages must satisfy the general relation:
(01 (w) Tp (W) = 27 S0y (w) (w0 — &), (191)

where S,,,4,, (w) is the cross—power spectrum of IF voltages, equation (190)
becomes

SUIl'”I? (w) - [SURI'URQ (w + WLO) e_i(d)LOl_d)LO?)
+S'UR1UR2 (w - wLO) 6+i(¢LOli¢L02)] Hfl(w) H;Q(w) (192)

— [SURI'URQ (WLO + w) 6*¢(¢Lo1*¢L02)
+S, - ome (WLO — W) e+i(¢wl_¢w?)] Hp(w) Hiy(w).  (193)



In deriving the last line, we used Hermitian symmetry of cross—power spec-
trum of real RF voltages vgy and vgro: Sy, . (Wro — W) = Sypivp (W —
wro)- This is a relationship between a cross—power spectrum of IF voltages
Supur, (W), after the frequency conversion, and a cross—power spectrum of RF

voltages Sy, vm, (W), before the frequency conversion.
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USB sideband _sideband
_________ . [}, '
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Figure 44: Upper sideband (USB) and lower sideband (LSB) contributions in a cross—
power spectrum of IF voltages, which is confined in a passband of the product of IF filters
Hi(w) Hip(w).

The IF cross—power spectrum is shown in Figure 44, where we assumed
the same initial phases of local oscillators, i.e., 01 —¢ro2 = 0 for simplicity.
In the IF spectrum, the first term in equation (193) shows USB component
in the positive frequency side (w > 0) and LSB component in the negative
frequency side (w < 0), while the second term shows LSB component in
the positive frequency side (w > 0) and USB component in the negative
frequency side (w < 0).

The IF spectrum is Hermitian symmetric, as expected from the gen-
eral property of a cross—power spectrum of a real cross—correlation shown in
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equation (61). Since the cross—correlation can be described by the positive—
frequency region of the Hermitian symmetric cross—power spectrum, as we
saw in equation (63), we will pay our attension to the positive frequency
region (w > 0) of the IF spectrum only. Then, the original RF cross—power
spectrum, shown by solid lines in Figure 44, is down—converted to IF band,
and the upper sideband (USB) of S, vp, (W +wro) (shown by a broken line),
and the lower sideband (LSB) of S, v, (W — wro) (shown by a dotted line)
are passed through the product of the IF filters Hji(w) Hjo(w) in the positive
IF frequency region, as we see in Figure 44.

Thus, we can notice here following properties of the IF spectrum:

e Spectral shape of the RF spectrum is preserved, and just shifted into
the IF band.

e Upper sideband (USB) and lower sideband (LSB) components are su-
perposed in the IF passband of Hp(w) Hy(w).

e In the positive frequency range of the IF spectrum, w > 0, spectrum of
the LSB component is reversed, compared with the positive frequency
part of the original RF spectrum.

2.7 White Fringe in IF Band

Before going to the next step, i.e. to the “delay tracking” and “fringe stop-
ping”, we will make sure if we still need this step after the frequency con-
version. For this purpose, we consider what will come out if we directly
cross—correlate IF voltages (Figure 45).

Svmvv( (JL)) Vi
COR
2

Figure 45: What will come out if we cross—correlate IF voltages?
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Specifically, we will combine the cross—power spectra obtained above, and
express the cross—power spectrum of the IF voltages in terms of the radio
source information. Then, we will calculate a cross—correlation of the IF
voltages by means of the inverse Fourier transformation.

2.7.1 Cross—Power spectra of Received, RF and IF Voltages

So far, we derived

1. the cross—power spectrum of received voltages:
1 )
Sy (W) = 1 Ap e 0 V(w),

given in equation (168), where Ay is the geometrical mean of effective
apertures of antennas, and V(w) is the complex visibility:

V(w) = § Ax(0) L) e D7 aq,

given in equation (165), where Ay(o) is the normalized power pattern
of an interferometer, o = s — s( is an offset vector showing a certain
direction s in a source with respect to the reference direction s, I,(o)
is the source intensity distribution, and Dy = D/\ is a baseline vector
normalized by a wave length A,

2. the cross—power spectrum of RF voltages after the RF filters (amplifiers
and BPFs) with system functions Hp(w) and Hps(w):

S'UR1UR2 (w) - SU1U2 (w) HRl(w) HEZQ’”)?

given in equation (177),

3. the cross—power spectrum of IF voltages after the frequency conversion:

S'UII'UI2 (w) = [SURl'UR2 (wLO + w) eii(d)LOli(bLOQ)
+S:R1UR2 (WLO - w) ei(d)LOli(z)LOQ)]
X Hn (w) H;<2(w)7
given in equation (193), where wyo is the LO reference frequency, ¢ro1

and ¢ o9 are initial phases of local oscillators, and Hy(w) and Hys(w)
are system functions of the IF filters.
Combining last two equations, i.e., equations (177) and (193), we have
Suryvr (W) 4
= [HRl (WLO + w) HEQ(C‘}LO + w) Sv1v2 (WLO + w) 6*1(¢L01*¢>L02)
+H1*ﬂ (wLo — w) HRg(u)LO — w) S* (wLo — w) €i(¢L01_¢LO2)]

VU2

x Hpi(w) Hiy(w). (194)
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2.7.2 Combined RF and IF Filters

Since system functions of real impulse responses of IF filters must satisfy
Hermitian symmetry as shown in equation (72), we have

Hp(w) = Hpy(-w), and Hp(w) = Hiao(-w).

Then, introducing new system functions H;(w) and Hs(w) for responses of
combined RF and IF filters:

Hl(w) = HRl(wLo + w) Hn(u)),
Hg(w) = HRQ(WLO + w) H[g(w), (195)

we can transform equation (194) into

SUHUIQ (w) 4
= H1 (w) H;(u_)) Sv1v2 (wLO + w) e*Z(¢LOI*¢L02)
+Hi (—w) Hy(—w) S}, (wro — w) e'(Pror—oro2), (196)

Hereafter, we call the complex function H;(w) Hj(w) “bandpass characteris-
tics of combined RF and IF filters”.

2.7.3 Cross—Power Spectra of IF Voltages in Terms of Complex
Visibility

Now, expressing Sy, (w) through the complex visibility on the basis of equa-

tion (168), we obtain

Svpors (W)

1 )
_ Z Ao {677,[(WLO+LU)TgO+¢LOI*¢LOQ} V(WLO +w) Hl(w) H;(w)

+teilwro—w)Tgg +éL01-¢L02] V*(wro — w) Hf(—w) Hg(—w)},
(197)
which describes the cross-power spectrum of the IF voltages S,,,.,,(w) in
terms of source intensity distribution, geometry of observation, filter re-

sponses, and parameters of the frequency conversion. Of course, this equation
satisfies the Hermitian symmetry condition:

S'UII'UI2 (w) - S:;va (_w)7

required for real processes vy (t) and vyo(t).
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Representing the complex visibility in terms of visibility amplitude and
visibility phase, as introduced in equation (166), we have

V(wro +w) = | V(wro +w) | e Pvwrotw)
| e

Vi(wpo —w) = | V(wro —w) —i®u(wro—w) (198)

Also we represent the bandpass characteristics of combined RF and IF filters
in terms of its amplitude | H;(w) Hj(w) | and phase ®p(w):

Hy(w) Hy(w) = | Hi(w) Hy(w) | 6’@*’(“’)',
Hi(~w) Hy(~w) = | Hi(~w) Hy(~w) | e, (199)

Then, the cross—power spectrum of IF signals is now reduced to

Svrvrs (W)

1 .
=1 Ay | V(wro +w) || Hi(w) Hy(w) | e~ (wWLo+w) T +dL01—PLO2—Pu (WLO+wW) = Pp(w)]

1

7 A0 [ V(o = ) || Hy(-w) Hi(—w) | eliomosmatoionsionulosow) -]

4

If we denote amplitudes and phases of the first and second terms of the
RHS of equation (200) as Ay(w), ®,(w,t) and A,(w), ®,(w,t), respectively,
we have

Soprops (W) = Ap(w) e @) 1 A (W) e (D) (201)
with
Ayw) = 7 Ao | V(o +9) || Fu() B3() |
Aulw) = 1 A0 | Vwio—w) || i) B3 ()|, (202)
and

<I>p(w, t) = (u)Lo + w)Tgo + ¢ro1 — ¢ro2 — @v(wLo + w) — @b(w),
D, (w, t) = —(wpo — W)Tgy — Pro1 + Pr02 + Py(Wro — W) + Pp(—w).
(203)

Here, we describe phases as functions of frequency and time, taking into
account time variability of the geometric delay 7,,. Equations (201), (202),
and (203) show amplitude and phase spectra of the cross—power spectrum
of TF signals, which can be contrasted to those given in equations (101),
(102), and (103), for the simple interferometer model. Again, first term in
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Figure 46: Amplitudes and phases of two terms in a cross—power spectrum of IF voltages.
Solid lines show original RF spectrum, and dotted and broken lines correspond to first and
second terms of the RHS of equation (200), respectively. For simplicity, only contribution
of geometric delay is shown in phase spectrum.

the RHS of equation (200) shows USB component in the positive frequency
range (w > 0) and LSB component in the negative frequency range (w < 0),
while second term shows LSB component in the positive frequency range
(w > 0) and USB component in the negative frequency range (w < 0).

Figure 46 shows the amplitude and phase spectra of two terms of the IF
cross—power spectrum in the RHS of equation (200), which can be compared
with Figure 21 for the simple interferometer. For simplicity, we showed
only contribution of geometric delay 7,, in this figure, ignoring small effects
of ¢ro1, ¢ro2, ®,, and &, terms. The IF band here is assumed to be a
“video—band” (or “baseband”), which includes zero frequency, or “DC (direct
current)”, component at w = 0.

2.7.4 “Expected Correlation” of Voltages

Now, we introduce a new term: “expected correlation”.

What we call “expected correlation” is a statistical expectation of a
product of jointly stationary random voltages at a certain instance of time,
or a cross—correlation of the voltages at time difference 7 = 0. For example,
expected correlation of IF voltages is (v (t) vra(t)) = Ry,y0p,(0).

This is not an actual correlation, which always requires some non—zero
integration time. This is not a mere product of voltages, but a statistical
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expectation of the product. In particular, this contains signals only, but
not noise contribution, as far as noises are uncorrelated.

If we had an idealized correlator, which would be capable of multiplying
two IF voltages, and immediately calculating a statistical expectation of the
product, such a correlator would yield the expected correlation of the IF
voltages Ry, u;,(0).

According to equation (197), we can calculate the expected correlation
of the IF voltages by an inverse Fourier transformation of the cross—power
spectrum S,,,,,, (w), with 7 = 0:

1 7 1
RUHUIQ (O) = % / S’”Il'”[? (w) dw = — §R/Svﬂvm (w) dw

Ao
_E%

o0
e~ {wLoTgy+dro1-¢r02) /V(WLO + w) e~ wTgo H, (w) H;(w) dw
0

+ eiwroTg +éro1—¢ro2) /V*(WLO _ w) e~ WTgg Hi“(_w) H2(_w) dw| , (204)
0

where we used the property of a Hermitian symmetric cross—power spectrum
given in equation (72), in order to restrict range of integration to the positive
frequency side only.

2.7.5 White Fringe in Expected Correlation of IF Signals

As an example, let us calculate the expected correlation of IF voltages in
a simple case of real, even, and rectangular combined RF and IF filters
and constant (white noise) visibility of a source, as we did in the simple
interferometer model of Section 1.3. Let a gain factor, bandwidth, and center
frequency of the combined RF and IF filters be G, Aw = 27B, and wy,
correspondingly, as illustrated in Figure 47, i.e.,

i} § G if wy— 282 <|wl|<wr+ 22,
I (w) Hy(w) = H{(—w) Hy(—w) = ? ’
0 otherwise,
(205)
and the visibility be
A A
V(w) =V for w;—Tw <Jw [ w1—|—7w. (206)

Then, we obtain from equation (204)
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Figure 47: Rectangular response of a real filter.

ortAe

R e*i(WLOTg()‘i’(z’LOl*(z’LOQ)V / e*iwrgo dw

Ay G

R'UHUIQ (O) - An

ortd

+ ¢ilwroTgtéro1—dro2) / e 0 duw | . (207)

Since the integral in equation (207) yields the sinc function, as we saw in
equation (104):

A
wit5*

—i i sin(m BT,

e WTa0 dw = 2Be "“IT90 ( go)
Aw

2

Y

3| =

T BTy,
wr—

and the complex visibility is represented in terms of its amplitude and phase:
V=V,
we can further reduce equation (207) to

_ AyGB |V | sin(nB7y,)

R, 1v 2(0)
e 2 T BTy,
X [COS(wLOTQO + WrTgq + ¢L01 - ¢L02 - q)v)
+ COS(wLOTgo — Wi Ty, + d)LOl - d)LOQ - qu)L (208)

where first and second cosine terms show USB and LSB contributions, re-
spectively.

Earlier, we derived the white fringe in equation (104) for the “RF corre-
lation” case, based on the “simple interferometer” model:

Roy,(0) = 2 Ay G B S(wp) sin(m B7y)

B, cos(woTy),
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where wy is an RF band center frequency, and S(wp) is the amplitude of
the white—noise power spectrum of a single—polarization component of an
incident electric field from a point source (Figure 48).

White Fringe with a Rectangular Band of 10 % of Center Frequency
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Figure 48: White fringe.

Now, for a more realistic interferometer with the frequency conversion,
we derived in equation (208) the expected correlation of the IF voltages:

AoGB | V| sin(mBTy,)
RU11U12 (0) = 2 7TB7_ =
90

X [cos(wuTy, + dro1 — ¢roz — ®y) + cos(wrty, + Gro1r — dro2 — o)),

where we introduced RF band center frequencies wy = wro + wy and wy, =
wro — wy, for the USB and LSB cases, respectively. Each of the USB and
LSB terms shows the white fringe form, i.e. the fringe pattern enclosed by
the bandwidth pattern, very similar to the one in the “RF correlation” case
illustrated in Figure 48. Note that S(wy) =| V | /4 in the present notation.

Thus the white fringe nature of the expected correlation remains unal-
tered irrespective of whether we take the correlation in RF or IF bands,
except for the emergence and superposition of USB and LSB contributions
in the IF correlation case. In particular, the very narrow fringe spacing and
the rapid fringe oscillation due to time variation of the geometric delay 7, in
the fringe pattern are governed by RF frequency, as wy 7y, and w7y, terms in
the cosine fringe patterns show, though we obtained the expected correlation
in IF band.

This again implies that we cannot detect the white fringe of a continuum
spectrum source except in a very narrow coherence interval, roughly deter-
mined by Arp = 2/B around 7, = 0. Also, the rapid fringe oscillation of the
expected correlation (which we called the “correlator output” in subsection
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1.3.9) makes it almost impossible to integrate (time-average) the product
of voltages for a meaningful duration of time. Therefore, we definitely need
suitable means to overcome these difficulties.

2.8 Delay Tracking and Fringe Stopping

We learned in subsections 1.3 and 2.7 that modern interferometers must be
equipped with special means, for compensating the delay and stopping the
fringe oscillation of the expected correlation. Tables 1 and 2 illustrated how
interferometric observations would be difficult if such special means do not
exist. These means are the “delay tracking” and “fringe stopping”. They are
indispensable processing units in a realistic interferometer (Figure 49).

Svmw((,O)
COR

R

Figure 49: How does cross-power spectrum of IF voltages look like after delay tracking
and fringe stopping?

Meanwhile, one can understand the delay tracking and fringe stopping as
“tracking of a radio source by an interferometer”.

You could wonder why we still need the tracking despite that we are
already tracking the source by element antennas of the interferometer. Of
course, element antennas must track the source in order to catch and keep
it within their beams. Otherwise, the antennas simply could not receive any
radio wave from the source.

However, discussions in subsections 1.3 and 2.7 showed that even though
the antennas properly track the source and provide us received voltages from
the source, we would get almost nothing if we just directly feed the voltages

111



to the correlator. This is because source signals contained in the voltages
then most likely have a finite delay which is out of the very narrow “field of
view of the interferometer”, i.e. the coherence interval around the zero delay.

Moreover, even when the source happens to be within the coherence inter-
val, the expected correlation oscillates very rapidly due to the source motion
across the very dense fringe pattern, making meaningful integration almost
impossible.

Thus, in order to get scientific information, we need to “steer” the field of
view of the interferometer, i.e. the coherence interval and the fringe pattern
contained therein, following the moving source, so that we can stably catch
the source within the coherence interval and keep it stopped with respect to
the fringe pattern. This is quite similar what a single-dish radio telescope
does with its antenna beam for tracking a source. Thus, this is the “additional
tracking” of a source “by an interferometer”.

Now we would like to discuss how we can realize such tracking in a relaistic
interferometer.

2.8.1 Radio Source Tracking by an Interferometer

What is needed is already clear from previous discussions. If we are always
able to feed the source signals received by element antennas to a correlator
with no delay, then we can constantly find the source at the very cen-
ter of the coherence interval, or at the correlation peak of the white fringe.
Otherwise speaking, we need to manage received signals so that signals cor-
responding to the same wave front arrive at the correlator at the same time.

An obvious way to achieve such a goal is to place element antennas, with
equal-length cables to a correlator, onto a rigid plate and drive the plate so

Figure 50: An interferometer on a “steerable plate” would automatically perform the
delay tracking and fringe stopping (photo courtesy of NRAO/AUI/NSF).

that its normal always follows an observed source as illustrated in Figure 50.

112



Although conceptually simple, making such a steerable plate is technolog-
ically quite difficult even for a small-scale connected element interferometer
array and totally inconceivable for a VLBI.

There is another way to achieve the goal. Suppose that we are able to
shift one of antennas of a single-baseline interferometer along a ray path from
an astronomical radio source to a point where geometric delay between the
two antennas is equal to zero. Then again we can feed the signals with no
delay to the correlator. In such a scheme, the moving antenna would trace a
surface of a sphere with a diameter equal to the baseline length as the source
changes its direction with respect to the baseline (Figure 51).

¢te 7 D-sinf._
b Tt
LN

sz‘(t) -

o
U r(B) N

instrumental
delay
LO
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Figure 51: Insertion of an instrumental delay 7; in the RF band, which compensates the
geometric delay 74, is equivalent to shifting an antenna along a ray path by c7,.

Though it is also technologically difficult to move an antenna along the
ray path, we have an equivalent way which can instrumentally realize the
same effect.

Indeed, if we insert an instrumentally implemented time variable delay
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7; which is always equal to the geometric delay 7,4, into the RF-band trans-
mission system of one of the antennas as shown in Figure 51, then we can
feed the received signals to the correlator with no delay. We call such an
instrumentally implemented time variable delay as “instrumental delay”.

The above statement must be intuitively obvious. However, it would be
still useful to logically trace the effect of the delay insertion at the RF band.

2.8.2 Insertion of Instrumental Delay at RF Band

Insertion of an instrumental delay 7;, in the RF signal transmission system of
antenna 2, would make the RF voltage signal v, (%), after the delay circuit,
and its Fourier transform v, (w), to be equal to

Vno(t) = vpa(t — 7;), and therefore, ¥py(w) = Dpa(w)e ™7, (209)

where vpo(t), and Ogo(w), correspond to the RF voltage signal before the
instrumental delay. We used the shift theorem given in equation (69), in
deriving equation (209).

Therefore, taking a cross—correlation of Fourier transforms 0 (w) and
Uy (w) of the RF voltage signals, we see

(U (W) Tn (@) = (Om1 () T (W) €7 (210)

Since we assumed that the RF signals vg;(t) and vge(t) are jointly station-
ary random processes, vgi(t) and v, (t) must also be jointly stationary ran-
dom processes. Hence, the cross—correlations of their Fourier transforms and
cross—power spectra must be related to each other as:

(Op1 (W) Via (W) = 278y, () 0w — W),
<UR1( )URQ( ,)> - 27TSUR1'UR2 (w> (5(&) - w/>7 (211)

in view of equation (84). Comparing equations (210) and (211), we obtain
a relation between the cross—power spectrum Svmv (w) of the RF voltage
signal vg;(t) of antenna 1 and the delay-inserted RF voltage signal v/, ()
of antenna 2, and the cross-power spectrum Sy, ., (w) of the RF voltages
without delay insertion:

S

/
YR1VRa

(W) = Supvp (W) e (212)
which, in view of equations (168) and (177), leads to
S’URIU;%Q (W) - Sng (u)) HRI (w) HEQ(W> eiwq—i

1 .
=12 Ay e AT V(w) Hgi(w) Hpg(w), (213)
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where Hpg;(w) and Hge(w) are the system functions of the RF filters, V(w)
is the complex visibility of the source, Aj is the geometric mean of effective
apertures of two antennas, and A7, is a difference between the geometric
delay and the instrumental delay:

ATy =Ty — T,

which we call hereafter “residual delay”.

As we see, an only different point between combined equations (168) and
(177) and this equation (213) is that the geometric delay 7, is replaced by
the residual delay A7y, = 7, — 7.

Now we can easily derive an expected correlation R, ;. (0) of IF votages
after the freqency conversion, where vy () is an IF voltage of antenna 1 and
Vo (t) is an IF voltage with delay inserted at RF band of antenna 2, in the
same way as we derived equation (208), assuming again a rectangular filter,
given in equation (205), and constant visibility over receiving bandwidth,
given in equation (206). The result is

AyGB |V | sin(rBAT,)
Ry, (0) = .
12 2 TBAT,
X [cos(wroATy + wiAT, + ¢ro1 — dro2 — )
+  cos(wLoAT, — wiAT, + ¢ror — dro2 — D), (214)

where notations are the same with those in equation (208).

Thus, as long as 7; = 74, no delay effect is left in the RF cross-power
spectrum, given in equation (213), and, therefore, also in the expected cor-
relation of IF voltages in equation (214). This means that the insertion of
an instrumental delay, exactly equal to the geometric delay, at the RF band
could effectively reduce 7, in equation (104), or 7, in equation (208), to
zero. This would allow us to find the white fringe always at the center of the
coherence interval, and to integrate the product of voltages, as long as we
wish. Or, otherwise speaking, we could realize both delay tracking and fringe
stopping by a single operation, namely by the insertion of a time variable
instrumental delay, if we were allowed to do it at the RF band.

Unfortunately, it is quite difficult, at least in the current level of tech-
nology, to realize any delay insertion at RF frequencies, higher than several
GHz. Therefore, the delay insertion is usually performed at the IF band.

2.8.3 Requirements to the Delay Tracking and Fringe Stopping

Before proceeding with discussions on actual realization of the delay tracking
and fringe stopping at the IF band, let us here estimate the ranges of vari-
ations, and accuracies required to theoretical predictions, of the geometric
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delay 7,4, and its time rate 7,,. For simplicity, we will implicitly rely upon an
image of the delay insertion at the RF band discussed above, since this does
not cause any loss of generality in present discussions.

If we denote the baseline vector and the unit vector directed to the radio
source as D and sy, respectively, the geometric delay 7, and its time rate
(delay rate) 7,,, due to the diurnal rotation of the Earth, are given by:

D . So
TQO - c ) (215)

. D-sy (wxD)-sg
Tgo = P c , (216)

where w is the angular velocity vector of the rotation of the Earth (Jw| ~
7.3 x 1077 rad/sec) and ¢ ~ 3 x 10® m/sec is the light velocity. Of course,
equation (216) is valid for ground-based interferometers only, and not for
space—VLBI baselines.

For a connected—element radio interferometer (CERI) of 300 m baseline,
say, the maximum geometric delay:

Tgmaz = ? = 1 IU“SGC7

is obtained when the source direction is parallel to the baseline, and the
maximum delay rate:

wD
Tomas = = 70 psec/sec,

is obtained when w 1 D and (w x D) || so.

Figure 52: Configurations corresponding to the maximum geometric delay (left) and the
maximum delay rate (right) in the ground—based VLBI.

For the ground—based VLBI, the maximum geometric delay and the max-
imum delay rate are obtained in cases shown in Figure 52. If we denote the

116



Earth’s radius as Rg = 6300 km, the maximum values are

R

Tgmaz = 769 = 21 msec7 (217)
2R

Tgmas = C@W = 3.1 usec/sec. (218)

If we observe at 22 GHz, equations (208) and (218) implies that the expected
correlation may oscillate with frequency as high as 22 GHz x 3.1 x 107° =
68.2 kHz, or 68,200 cycles per second(!), due to the diurnal motion of the
source across the fringe pattern. Indeed, no meaningful integration of the
product of voltages is possible, unless we stop such an oscillation.

The ranges of variations of geometric delay and its rate, as examined
above, and resulting variations of the phase in the cross-power spectrum of
voltages, such as shown in equation (200), are orders of magnitude larger,
than those caused by other delay effects (clock offset, atmospheric propa-
gation delay, cable delay, etc.), and by other phase terms (LO initial phase,
visibility phase, phase of bandpass characteristics, etc.). Therefore, the delay
tracking and fringe stopping are, primarily, means for compensation of the
geometric delay. Although some other, much smaller, effects are also taken
into account in highly precise delay tracking and fringe stopping, performed
in VLBI, we will postpone discussion of this problem, until we consider cor-
relation processings in VLBI.

We use an appropriate theoretical prediction of the time—variable geomet-
ric delay, in order to determine length and rate of the instrumental delay, to
be applied to actual delay tracking and fringe stopping. Such a theoretical
prediction itself, for the geometric delay 7,,, has been traditionally denoted
as 7;, and called “instrumental delay”. Please do not mix this up with un-
wanted “instrumentally induced delay” such as the one due to extension of
transmission cables.

Let us estimate accuracies required to an instrumental delay 7; and its
rate 7;.

In order to get a white fringe near the peak of the bandwidth pattern,
a difference A7, between the actual geometric delay 7,, and the predicted
instrumental delay 7;, which we called the “residual delay”:

ATy = Tg = T, (219)

must be kept well smaller than the coherence interval Arg = 2/B, where B
is an observing bandwidth:

2
ATg <K ATB = E (220)
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Therefore, the acuuracy of the instrumental delay must be much better than
1 pusec when B = 2 MHz, and much better than 1 nsec when B = 2 GHz, as
Table 1 shows. We now compare these required accuracies with maximum
delay values 7., estimated above for 300 m baseline connected-element
radio interferometer (CERI), and for VLBI. Table 3 shows relative accuracy,
in terms of A7,/7,,..., required to the instrumental delay. The Table shows

Table 3: Relative accuracy of A1,/7,,. .. required to the instrumental delay.

300 m CERI VLBI

Tgmas = LpS€C | T4 = 21 msec
B =2 MHz (A1, < 1 psec) <1 <L 5% 107
B =2 GHz (A1, < 1 nsec) < 1073 <5x1078

that the required accuracy is rather high, for VLBI.

On the other hand, in order to carry out integration of the product of
voltages in a correlator, for a duration of time sufficient to get high enough
S/N ratio, we must apply an accurate theoretical model 7;(¢) to compensate
for time variation of the geometric delay 7,,(¢). If integration time is 7, and
observing frequency is v, a requirement to A7, = (7,, — 7;) for successful
integration, is conventionally given by

2Ny, < 1. (221)

This requirement corresponds to a condition that an accumulated change of

Table 4: Required accuracy of A7, and relative accuracy of A7,/7,, .. (in parenthes)
for a 300 m baseline CERI and a VLBI.

300 m CERI VLBI
7, = 1000 s, 7,,... = 70 ps/s T, =18, 17,,.. =31us/s

v = 10 GHz 1.6 x1072 ps/s (< 2.3 x107*) | < 16 ps/s (< 5.2 x107°)

IN

v =100 GHz || < 1.6 x1073 ps/s (< 2.3 x1079) | < 1.6 ps/s (< 5.2 x1077)

the phase of the cross—power spectrum of voltages, such as shown in equation
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(213), or of the phase in cosine terms of the expected correlation in equation
(214), does not exceed 1 radian during the integration time 7.

Table 4 shows required accuracy of the residual delay rate A7,, according
to equation (221), and its ratio to the maximum delay rate, estimated above,
for a 300 m baseline CERI with a typical integration time 7, = 1000 s, and a
VLBI with a typical hardware integration time with a VLBI correlator 7, = 1
s, in two cases of observing frequency, v = 10 GHz and v = 100 GHz.

The requred accuracies are fairly high, especially in VLBI. Therefore,
theoretical prediction of the instrumental delay is usually based on state—
of—the—art geophysical and astronomical models of station coordinates, radio
source coordinates, and irregularities in the rotational motion of the Earth.

2.8.4 Insertion of Instrumental Delay at IF Band

Now let us consider the case, when a time—variable instrumental delay 7; is
inserted in the [F-band signal transmission system of antenna 2, as illustrated
in Figure 53.

~

Yo

cr7/ Disine._
D .

instrumental
delay

multiplier
correlator

[ integrator |
T
v

Figure 53: Time-variable instrumental delay inserted at IF band.

After the insertion of the delay circuit, IF voltage signal vgs(t), and its
Fourier transform 0pe(w), are given by

vpo(t) = vpa(t — 73), and, therefore, Tpp(w) = Tpa(w) e ™™, (222)
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where vpy(t), and U2 (w), correspond to the IF voltage signal before the in-
strumental delay. We again used the shift theorem given in equation (69),
for deriving equation (222).

Following discussions in subsection 2.8.1, we take a cross—correlation of
Fourier transforms 071 (w) and 0ps(w) of IF voltage signals, to obtain

(011 (W) Bpa(w)) = (T (W) B7,(w)) €7 (223)

Since the IF signals vy (t) and v (t), as well as v () and v (t), are assumed
to be jointly stationary random processes, the cross—correlations of their
Fourier transforms and cross—power spectra are related to each other, by
equation (84), as:

<611 (w) @FZ(W/)> = 27TSU11UF2 (w) (5(&) - w/)7

(0 (W) 07(w') = 27010, (W) 6(w — ). (224)

Comparing equations (223) and (224), we see that the cross—power spec-
trum Sy,,0, (w) of the IF voltage signal vyq(t) of antenna 1 and the delay—
inserted IF voltage signal vgo(t) of antenna 2, and the cross—power spectrum
Supivpe (w) of the IF voltages without delay insertion, are related to each other
as:

Svrives (W) = Supyop, (W) e’ (225)

Inserting equation (197) to this equation, we have

Sorvrs (w)
1 .
_ Z Ag {e—z[w,;o Tgg twATg+pLo1—9¢roz) V(WLO + w) Hl(W) H;(w)

+€i[wLo Tgo—wATg+dLo1—¢ro2] P* (WLO _ w) Hf(_w) HQ(—w)}, (226)

where, H;(w) and Hs(w) are the system functions for responses of combined
RF and IF filters, wro is the local oscillator frequency, V(w0 £w) is the com-
plex visibility of the source, Ag is the geometric mean of effective apertures
of element antennas, and again, A7, = 7, — 7; is the residual delay.

Contrary to equation (213), which describes the effect of the delay inser-
tion at the RF band, we cannot here completely compensate for the geometric
delay 7, even if we insert an instrumental delay which is exactly equal to the
geometric delay 7; = 7,,. In fact, the wr,, term, where w is the IF frequency,
is compensated by the wr; and is reduced to wAT,, but the wro7y, term is
still left uncompensated in the exponential functions of equation (226).

In order to see this point more clearly, let us derive the expected corre-
lation R,,,,,,(0), as we did in equation (207), assuming again a rectangular
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filter, given in equation (205), and constant visibility over receiving band-
width, given in equation (206). Since everything is the same as given in
equation (207), except for a coefficient of w term in the exponential function
of the integrand, which is now wA7, instead of w7y, we obtain:

AoGB |V | sin(rBAT,)
RUHUFQ (O) = 9 TBAT !
g
X [cos(wroTy, + wWiAT, + ¢ro1 — ¢roz — Pv)
+  cos(wroTy, — wiATy + dro1 — ¢roz — Pu)l,

(227)

where wy is the IF band center frequency as before, and other notations are
also the same as those in equation (208). This equation is quite similar to
equation (208) if we replace 7,, by A7, except however for the wyo7,, terms
in cosine functions.

It is evident, from this equation, that insertion of an instrumental delay
7; at the IF band, and resultant compensation of the wr,, term, enables us
to detect a white fringe at the center of the coherence interval. However,
the wroT,, terms in arguments of cosine functions are left uncompensated,
which will cause the enormously rapid oscillation of the expected correlation.
Therefore, insertion of an instrumental delay at IF band can perform the
delay tracking, but not the fringe stopping.

2.8.5 Separation of Delay Tracking and Fringe Stopping Due to
Frequency Conversion

The reason, why the insertion of the instrumental delay at IF band can
perform only the delay tracking, but not the fringe stopping, may be easily
understood by examining Figure 54. This figure illustrates a time variation
of the phase spectrum of IF voltages shown in Figure 46, in a particular case
of a single—sideband reception of USB component.

Let us consider phase spectra in cross—power spectra of voltage signals
without delay insertion, and compare the phase spectrum in IF band with
the one in RF band. In doing so, we ignore minor phase terms, such as LO
initial phase, visibility phase, and phase of bandpass characteristics, which
figure in equation (200), leaving only the main term due to the geometric
delay.

Then, the phase spectrum in RF band is a straight line crossing the origin,
with inclination equal to the geometric delay 7,,, as shown in equation (103)
and Figure 21 for a simple interferometer model, or in equations (168), and
(177), for a more realistic interferometer.
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However, after the frequency conversion, the phase spectrum in the IF
band no longer crosses the origin, since the frequency conversion shifts the
band-limited spectrum at RF band to IF band without changing its shape,
as shown in Figures 44, 46, and 54.

phase phase phase
/ <IIIIIIIIIIII ."(‘/"
- .
A
WeLo w w W
phase phase phase

/ <"llluu..,““"“-/“,_.,.--»‘
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’ i phase phase
A
L— <mmmlu' L—1 . - )
] w w
phase phase hase
<'lll||||_|_|'._._“_ﬁ_“_ e = .
e \ v —
) ; w
.......... " o object of  object of
delay fringe

tracking  stopping

Figure 54: Necessity of fringe stopping, besides delay tracking in IF band. We assume
here a USB single—sideband reception, and show only positive frequency range of the phase
spectrum, except in the bottom panel.

Therefore, the frequency converted phase spectrum in IF band is now
represented by a sum of two components, namely an inclined straight line
WTy,, crossing the origin, plus a frequency-independent phase shift equal to
WLoTgy, Where wro is the LO frequency, as illustrated in the right panels of
Figure 54 and in equation (200). This phase shift rapidly changes in time,
with the speed as high as several tens kHz (as we saw in an example of an
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intercontinental VLBI observation at 22 GHz in subsection 2.8.3), due to the
diurnal variation of the geometric delay 7.

The insertion of the instrumental delay at the IF band compensates for
the first component, i.e. reduces the phase slope across the frequency band
to nearly zero, and thus makes it possible to get a white fringe in the mid-
dle of the coherence interval, as evident from equation (208). However, the
instrumental delay in the IF band does not compensate for the second com-
ponent at all. The second component, if left uncompensated, would cause
the enormous oscillation of the expected correlation and make it impossi-
ble to integrate the product of voltages for achieving high enough signal to
noise ratio. Therefore, we still need to compensate for the rapid phase shift
in the second component, by somehow controlling the interferometer phase.
This operation is the “fringe stopping”, which is separated from the “delay
tracking” after the frequency conversion.

2.8.6 Actual Implementations of Delay Tracking

In early history of radio interferometry, analog delay cables, as schematically

I
oy

O O Q delay cables

Figure 55: Analog delay cables used for delay tracking in early history of radio interfer-
ometry.

transmission cable

Ce>

illustrated in Figure 55, were used for delay tracking. N delay cables with
lengths 79, 279, 479, 879, - - -, 2V "7y, were mechanically inserted into, and
removed from, a signal transmission cable of an interferometer, to realize
a time variable instrumental delay 7; with a range of variation: 79 < 7; <
(2¥ — 1)7y. Of cource, the longest delay cable must have a length as large
as about a half of baseline length of the interferometer. Therefore, such
analog delay cables could be used for connected—element interferometers with
baseline lengths of several hundreds meters, but definitely not for VLBIs.

Recently, most of radio interferometers, including VLBIs, use digital delay
circuits for delay tracking. In order to use this technique, data signal is first
digitized, and then fed to a bulk memory, which is a kind of “ring buffer”,
schematically shown in Figure 56.
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Figure 56: A “ring buffer” used for digital delay tracking.

Data are written to, and read from, the ring buffer at different addresses,
and these write and read addresses are incremented by one at each “clock
timing pulse” of digital circuit. An interval of succcessive clock timing pulses
corresponds to a sampling interval t, of digitization of the data. Thus, if
the difference between the write and read addresses in the ring buffer is
n, an instrumental delay equal to nt, is realized in this way. And further
shifting the write (or read) address periodically, once per a certain number
of clock timing pulses, we can vary this instrumental delay in time. We will
examine this digital delay tracking in more detail, when we will discuss VLBI
correlators.

2.8.7 Actual Implementations of Fringe Stopping

In connected—element interferometers, the fringe stopping is often carried out
by actively controlling the initial phases ¢r01 and ¢rpo of the LO reference
signals, as illustrated in Figure 57, so that

ro1(t) — proa(t) = —wro Ti(t) + Yro1 — Yro2, (228)

where Y01 — Y02 is a nearly constant part of the difference of the initial
phases of the LO signals, and 7; is the instrumental delay, i.e., the theoretical
prediction of the geometric delay 7.

Assuming quasi—static LO initial phases, similarly to what we did in
subsection 2.4 for the geometric delay, we can just insert equation (228) to
equation (226) for the cross—power spectrum of IF voltages, and to equation
(227) for the expected correlation in the case of a continuum flat spectrum
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Figure 57: Fringe stopping by active control of LO initial phases.

source and rectangular filters, after the delay tracking at IF band. Then, we
obtain the cross—power spectrum of IF voltages:

S e (@)

VI1VF2

1 .
_ AO {6—Z[UJLO ATg-f—wATg‘f'Q/)LOl_wLOﬂ V(wLO +C(.)) Hl(CL)) H;(w)

4
+6i[wLo ATg—wATG+YLo1—Y1L02] V* (WLO — w) Hik(—w) HQ(—LU)},
(229)

and expected correlation:

AoGB | V| sin(rBATy)
2 TBAT,
X [cos(wroATy + wiAT,; +Yro1 — Yroz — @)
+  cos(wrLoAT, — wiAT, +Yror — Yro2 — ®.)],  (230)

Rl . (0) =

VI1VF2

respectively.
Now we can stop the rapid phase changes in the cross—power spectrum,
as well as in the expected correlation, provided that we can always keep the
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residual delay to be nearly zero:
ATy = 740y — T = 0.

Note that this active control of LO initial phases can stop the phase
changes both in USB and LSB components of the cross—power spectrum and
expected correlation of IF voltages, as evidenced by equations (229) and
(230). In particular, arguments of first and second cosine terms in the RHS
of equation (230), which show USB and LSB contributions, respectively, are
both stopped by this operation.

Another method for fringe stopping, which has been successfully applied
in particular to VLBI digital correlators uses multiplication of a sinusoidal
function of time to an IF voltage, as shown in Figure 58.
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Figure 58: Fringe stopping by multiplication of a sinusoidal function.

In this method, a sinusoidal function
2 cos(wroTi), (231)

where wro is the LO frequency, and 7; is the theoretically predicted instru-
mental delay, is multiplied to IF voltage vy (t) of antenna 1.
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Assuming again that wro7; is a quasi—static quantity, we obtain for a new
IF voltage vp;(t) of antenna 1 after the multiplication of 2 cos(wroT;):

UFl(t) = U]l(t)Q COS(u)LoTZ‘) = U]l(t) (€iwLOTi + €_iwl‘on), (232)
and for its Fourier transform 0 (w):
Op1(w) = Oy (w)(e™rOT e WEOTH), (233)

where 07 (w) is a Fourier transform of vy (¢). Then we have a cross—correlation
of Fourier transforms of IF voltages:

(0p1 (W)U (W) = (D11 (W) Tpp(w')) (€007 4 77007, (234)

where 0po(w) is the IF voltage of antenna 2 after the delay insertion. As-
suming jointly stationary random processes, we obtain for a cross—power
spectrum of IF voltages vpy(t) and vps(t):

Svprvps (W) = Sopvps (w)(eiwwn + e—iwwn)’ (235)

where Sy, 4z, (w) is the cross—power spectrum of IF voltages vy (t) and vgo(t),
which is given in equation (226). Then, inserting equation (226) to equation
(235), we have

1
SUF1UF2 (w) = Z AO

X{eii[uLo ATg+wATg+oLo1—9LO2] V(WLO —+ w) Hl(w) H;(W)
+teilwro(rgt7i)+wATg+dro1—¢L02] V(wro +w) Hy(w) Hy(w)
+€i[WLO ATg—wATg+¢L01_¢L02] V*(WLO — (,()) Hf(—u)) HQ(_W)
+6i[wLo(Tg0+7’i)7wATg+¢L01*¢LO2] V*(WLO _ w) Hi"(—w) HQ(—W)},

(236)

where A7, = 7,0 — 7;. In first and third terms in the RHS of this equation,
rapid oscillations of exponential terms are almost stopped, as long as 7; = 7.
But, in second and fourth terms in the RHS, even more rapid oscillations
with almost doubled frequency wro(7,, + 7;) remain. Contributions of these
rapidly oscillating terms almost disappear when the product of IF voltages
are integrated for some duration of time in a correlator. Therefore, we have
an “effective” cross—power spectrum of IF voltages,
1
S'UFI'UFQ (w) = Z Ao
X{efi[wLo ATy +wATg+dro1—¢roz] V(wro + w) Hy(w) Hi (w)
teilwro ATg—wATg+PLoO1-dL02] ) * (WLO —w) Hi (—w) Hg(—w)},

(237)
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which has essentially the same form as the one given in equation (229).

Note that, in this simple method of multiplication of a sinusoidal func-
tion to an IF voltage, phase drifts are stopped again in both USB and LSB
components.

2.9 Correlator Outputs

Now we proceed to the final element of processing units in our realistic in-
terferometer, the correlator (Figure 59).

2.9.1 Multiplier and Integrator

As we saw earlier, a key component of a correlator in an interferometer is a
device with two inputs and one output, which is composed of a multiplier
and an integrator (right panel of Figure 59).

from antenna 1 from antenna 2

Svnvu( 0))

| multiplier

Ve Sveve() Vr: integrator)
COR
R R

Figure 59: The output of a correlator.

The expected correlation, which is the statistical expectation of the prod-
uct of the voltages, must be contained as a signal component in a multiplier
output of such a correlator. Since the expected correlation does not rapidly
oscillate any more after the delay tracking and fringe stopping, we can inte-
grate (time—average) the multiplier output during some time to suppress the
noise component, and detect this nearly constant expected correlation itself
with a high signal to noise ratio. Therefore, an output of an actual correlator
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can be well approximated by the expected correlation after the delay track-
ing and fringe stopping. The expected correlation is easily derived from the
cross—power spectrum of the IF voltages by an inverse Fourier transformation
with argument 7 = 0, as we showed in equation (204).

Now we have slightly different notations for the cross—power spectrum of
IF voltages in equation (229) and in equation (237), depending on practical
implementations of the fringe stopping, though they are essentially equivalent
to each other. We adopt, hereafter, the expression given in equation (237),
which is familiar in VLBI practice, for describing the cross—power spectrum
after the delay tracking and fringe stopping.

Then, the expected correlator output, or the expected correlation, is de-
rived from equation (237) by the inverse Fourier transformation with 7 = 0:

A
RUF1UF2 (O) - 4_7? R

e~ wLoATg+dL01-¢L02) /V(WLO +w) o iwATy Hl(W) H%‘(w) dw
0

+ e WLOATg+6L01—6L02) /V* (WLO _ w) e~ WwATg Hf(—w) HQ(—w) dw
0

(238)

In the special case of a continuum flat spectrum source and rectangular filters,
the expected correlation will have essentially the same form as the one given
in equation (230):

~ AyGB |V | sin(rBAT,)
2 TBAT,
X [cos(wroAT, + wiAT, + ¢ro1 — Proz — Py)
+  cos(wroATy — WiATy + dro1 — ¢roz — ®,)]. (239)

RUF1UF2 (0)

We will use these forms of the expected correlation given in equations
(238) and (239) as theoretical expressions of the correlator outputs.

In VLBI, no operation for delay tracking and fringe stopping is done,
usually, in observing stations. Instead, they are done in VLBI correlators.
Therefore, a VLBI correlator is a little more complicated than the mere
multiplier and integrator, as we will see later.

2.9.2 Single Sideband (USB or LSB) Reception

So far, we considered a case of double sideband (DSB) reception, i.e. a case
when we receive signals contained in both upper sideband (USB) and lower
sideband (LSB) of LO frequency in the original RF band spectrum. In this
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case, the USB and LSB contributions are superposed in IF band spectrum,
as we saw earlier.

The DSB reception is not convenient for observing spectralline sources,
since different lines in USB and LSB are mixed up in the same IF spectrum.
Moreover, the DSB reception causes additional complications in data cali-
brations for continuum sources. Therefore, in VLBI, we mostly use a single
sideband (SSB), i.e., either of USB or LSB, reception.

amplitude amplitude

USB USB : LSB LSBi
h -p | /* -—p ’-‘
‘ —Lo 0 Wro ! w —0xo 0 Wo W
phase phase
—Wro . 0 Wo | W —0xo . 0 (L):.o w
| ”"‘--» / -* L-- 1
/ pe”

Figure 60: Amplitude and phase spectra of IF voltages in USB (left) and LSB (right)
receptions. For simplicity, contributions of the geometric delay only are shown in the
phase spectra.

Amplitude and phase spectra of IF voltages, which were shown in Figure
46 in the DSB reception case, now take simpler forms, in the SSB reception
case, as shown in Figure 60.

Since, cross—power spectra of [F voltages both in USB and LSB receptions
are Hermitian symmetric, as illustrated in Figure 60, we do not lose generality
if we confine ourselves to consider only positive frequency range (w > 0) of
the spectra.

From equation (197), we see that, in positive frequency range w > 0,
cross—power spectra of IF voltages before the delay tracking and fringe stop-
ping in USB and LSB receptions, respectively, are given by

1 —tlwro T, WT, — *
Sirea (W) = 7 Ag e lrom e o100 Yy + w) Hy(w) H3 (w),
(240)
1 3 —WT, — * *
SgﬁgQ(w) _ ; Ay eilwLo mgg—wrgy+érLo1—dL02] ) (wpo — w) Hi (—w) Hy(—w),
(241)

which correspond to positive frequency sides (w > 0) of the USB and LSB
spectra of Figure 60, as separately illustrated in Figure 61.
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Figure 61: Amplitude and phase spectra of IF voltages in USB (left) and LSB (right)
receptions in positive frequency range w > 0.

After the delay tracking and fringe stopping, they are reduced to

1 .
Sgifm (w) — Z Ag e—Z[UJLO ATy+wATy+dro1—droz] V(WLO + w) H, (w) H;(w)7
(242)
1 ] —wAT, - * *
Simura(W) = 1o gllro AT meATatoro1=0rol Y (6 — w) Hi (—w) Ha(—w),
(243)
in the positive frequency range w > 0.
We can rewrite equations (240) and (241), and equations (242) and (243)
as well, using amplitudes and phases of the complex visibility and bandpass
characteristics, which we introduced in equations (198) and (199).

Before the delay tracking and fringe stopping, equation (240) for the USB
spectrum of IF voltages in w > 0 becomes

S (@) = Aufw) e,

with amplitude:
1
Av(w) = 7 Ao [V(weo +w) || Hi(w) Hy(w) |,
and phase:

Oy (w, t) = (wpo +w)Ty + ¢ro1 — Pro2 — Pp(wro +w) — Pp(w),
(244)

while equation (241) for the LSB spectrum of IF voltages in w > 0 becomes

GLSB (w) _ AL(w) e*iéL(wvt)’

Vr1vr2

with amplitude:
1
Ap(w) = 7 A [Viwro —w) [| Hi(~w) Hy(-w) |,
and phase:

Qp(w, t) = —(wro — wW)Tgy — Gro1 + Gro2 + Pyp(wro — w) + Pp(—w).
(245)

131



After the delay tracking and fringe stopping, the USB spectrum in w > 0
becomes

Serives (W) = Au(w) 782w,

with amplitude:
1
Av(w) = 7 Ao | V(wro +w) || Hi(w) Hy(w) |
and residual phase:

Ady(w, t) = (wro +w)ATy + dro1 — ¢roz — Pu(wro +w) — Py(w),
(246)

while the LSB spectrum in w > 0 becomes

S8, (0) = Aufw) S,

with amplitude:
1
Ar(w) = 7 A0 | V(wro —w) [| Hi(-w) Hy(-w) |,
and residual phase:

APp(w, t) = —(wro — w)ATy — dro1 + ¢ro2 + Py(wro — w) + Pp(—w),
(247)

where A7, is the residual delay: A1, =75, — 7.

2.9.3 Correlator Outputs in Single Sideband Reception

As we discussed earlier, correlator outputs are closely approximated by the
expected correlations after the delay tracking and fringe stopping. Therfore,
in view of equation (238) or equations (242) and (243), theoretical expressions
for the correlator outputs in USB and LSB receptions are given by

VF1VF2

A . 7 ,
RYSB (0) = 4_72 m[e—z(wwmﬁmm—mm) /V(WLOJFW) e~ WwATg Hy(w) H} (w) dw),
0

(248)
and
LSB AO ’i(wLoAT +¢L01*¢L02) 7 * —wAT, *
RUFWFQ(O) = ir Rle ! /V (wpo—w)e 9 Hi(—w) Hy(—w) dw],
0
(249)
respectively.
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If we assume the case of rectangular filters and constant visibility, the
above equations are reduced to

AoGB | V| sin(rBAT,)

Rﬁ}i?}?g (O) = 2 ﬂ_BATg COS(WLOATQ+WIATQ+¢LOI_¢L02_q)v)7
(250)
and
AoGB | V| sin(rBAT,
RSP (0) = ° | V] sin{ ) cos(wWroATy—wiAT+dro1—0ro2—Py).

2 TBAT,

(251)

For a more general case of an arbitrary filter shape, when the complex

visibitlity is assumed to be constant only in each of USB and LSB receiving
bandwidths, and the filters, with a passband:

wr —Aw/2 <|w | < wr+ Aw/2,

are not necessarily rectangular, we have in the USB reception

Aw

[e’e) WIJFT
/ V(wro +w) e 5 Hy () Hy (w) dw = V(wro + ) / =0T B () Hi () dw
0 wi— A
Aw
2
= V(wro 4 w) e @A / e A H (wy + ') Hi (wr 4+ w') du', (252)
_Aw
2
and in the LSB reception
[e’s) WIJF%
[V (o = w)e 5T Hi(—w) Hy(—w) do = Vi(wio —w) [ €A% Hi(—w) Hy(w) du
0 wy— B
Aw
2
* —iwr AT, —iw' AT, * / / /
=V (wro —w) e WIS / e 9 HY (—wr —w') Hao(—wy — ') dw'. (253)
Aw
-5

Now, let us introduce “bandwidth patterns” Bis defined by

1
47

BUSB(B, AT,) = e™'AT [ (wr + ') Hi (wr + ') dw, (254)

BlLQSB(B, AT,) = oW/ ATy Hi(—w; — ') Hy(—w; — ') dw',  (255)

5]~

Tl e
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for USB and LSB receptions, respectively. The suffix ‘12’ here accentuates
that this pattern comes from bandpass characteristics of receiving systems in
antennas 1 and 2. Then, if we represent complex visibilities and bandwidth
patterns through their amplitudes and phases:

V(wro +wr) =| VW] e® and V(wro —wy) = VF| €*,  (256)
and

Bi»P (B, Aty) =| By | e'®

U

2 and By (B, Ary) =| By e, (257)

equations (248) and (249) for theoretical expressions for correlator outputs
are reduced to

RUSB (0) = Ay | yv || B% | cos(wLoATg+w1ATg+¢L01—¢L02—¢>5—<I>%),

VF1VF2

(258)
and
RSE(0) = Ao | VI || Bly | cos(wroATy —wiATy+dror — dros — Py +(<I)Jé)),
259

for USB and LSB receptions, respectively.

In the case of the rectangular filters and constant visibility, equations
(258) and (259) are of course reduced to equations (250) and (251), since in
this particular case,

V(wLo +w1) = V(wLo — w;) :‘ % ‘ eiq)”,

and
GB sin(rBAT,)
B (B, Amy) = B (B, Amy) = S L (2s0)

2.9.4 Fringe Amplitude and Residual Fringe Phase

The above equations (258) and (259) again show the white fringes, with
bandwidth patterns in | Bys | terms and fringe patterns in cosine terms.
In general, a correlator output shows a sinusoidal fringe pattern

A cos AD,

near the peak of the bandwidh pattern, i.e. near the center of the coherence
interval, where A7, ~ 0.

According to equations (258) and (259), theoretical expressions of the
amplitude A and phase A® of the fringe pattern for a continuum spectrum
source are given by

AY = Ao | VT || Bt |,
APV = (wro + wr) ATy + dror — dros — O — @Y% +2mnY,  (261)
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in the USB reception case, and

AE = A0 | VH|| Bl |,

AP = (wro — wr) AT, + bror — dros — PL + L + 2t (262)
in the LSB reception case, where 27n? and 27n’ are the “cycle ambiguities”
inherent in phase observables.

When the fringe stopping is slightly incomplete, and therefore the phase

A varies in time, we can see the fringe pattern as a slow sinusoidal oscillation
of the correlator output (Figure 62).

correlator output

A AN A DA N
VAVIAVAVAVAVAVES

Figure 62: Slow oscillation of the correlator output with slightly incomplete fringe stop-
ping brings the fringe pattern into view.

We call the amplitude A of the fringe pattern the “fringe (or correla-
tion) amplitude”, and the phase A® of the fringe pattern the “residual
fringe (or correlation) phase”.

The phase A® is often called simply as “fringe (or correlation) phase”.
But we prefer here the term “residual fringe phase” in order to reserve the
term “fringe phase” for a quantity theoretically described by

¢ = (wro £ wi)Ty + Gr01 — Pro2 — Py + P + 27n,

where + correspond to the USB and LSB cases, respectively. We use the
word “residual” since A® is the residual (¢ — @;) of the “true” fringe phase
& corrected for its theoretical prediction @; = (wpo £ wy)Ti.

Also, in practice of interferometric observations, the fringe amplitude and
residual fringe phase in the correlator outputs are frequently called as “vis-
ibility amplitude” and “visibility phase”. Strictly speaking, however, one
must correct the fringe amplitude and residual fringe phase for the residual
delay, bandwidth pattern, and other effects, in order to obtain proper visi-
bility amplitude | V | and visibility phase ®, as defined in equations (165)
and (166).

Moreover, the residual fringe phase could be a useful observable for high
precision astrometry and geodesy. This is because it contains the residual
delay AT, of the reference direction of the radio source, which could be sep-
arately obtained if one can resolve the cycle ambiguity and properly correct
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the atmospheric and other disturbing effects by means of a suitable phase
compensation technique. On the other hand, the visibility phase in equation
(166) cannot be used for astrometry and geodesy since it is defined to be free
from the residual delay of the source reference direction.

Therefore, we will henceforth distinguish the terms “fringe amplitude and
residual phase” from the “visibility amplitude and phase”.

2.9.5 Group Delay and Fringe Frequency

As we discussed so far, the delay tracking is aimed at reducing the slope of
the phase of the cross—power spectrum of voltages to nearly zero within the
observed bandwidth, thus facilitating the fringe detection in the middle of the
coherence interval. Therefore, what is needed for successful delay tracking
is an accurate prediction or estimation of the phase slope, i.e. frequency
derivative of the phase spectrum, which can be used for precise determination
of the instrumental delay.

We call the frequency derivative of the phase spectrum ®(w, t) the “group
delay” 7¢:

~ 0P(w,1)
=T,

where ®(w, t) can be &y (w,t) of equation (244) in case of the USB reception,
or &y (w,t) of equation (245) in case of the LSB reception. Thus, we need a
good prediction or estimation of the group delay for successful delay tracking.

Usually, the most dominating term in the group delay is the geometric
delay (see, for example, equation (103) in an ideally simple case).

Strictly speaking, however, equations (244) and (245) show phase terms
other than the one due to the geometric delay. They may depend on the
frequency and contribute to the frequency derivative. Moreover, in case of
VLBI, the phase slope is affected by other effects as well, such as clock offsets
among VLBI stations, atmospheric propagation delays, cable delays in signal
transmission systems, and so on. These effects are often so strong that we
have to take into account them for successful delay tracking. Furhermore,
if some propagation delay is dispersive (i.e. frequency—dependent), then the
phase slope will also depend on the frequency derivative of the dispersive
delay.

On the other hand, the fringe stopping is an operation to compensate the
rapid time variation of the phase of the cross—power spectrum of voltages.
This is done for the purpose to integrate the product of voltages for an
appropriate duration of time sufficient to detect the white fringe of a source
with a good enough signal to noise ratio. Therefore, what is needed for
successful fringe stopping is an accurate prediction or estimation of the time

(263)
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derivative of the phase spectrum, which can be used for compensating the
rapid phase shift. We call the time derivative of the phase spectrum ®(w, )
the “fringe frequency” or “fringe rate”, and denote it as F;.:

_ 0P (w, t)

Fr a8,
ot

(264)
where ®(w, t) can be Oy (w,t) of equation (244) in case of the USB reception,
or @7 (w,t) of equation (245) in case of the LSB reception, as before. Thus,
we need a good prediction or estimation of the fringe frequency for successful
fringe stopping.

Again, in case of VLBI, the actual fringe frequency includes time deriva-
tives of the clock offsets, propagation delays, cable delays, and other instr-
mentally induced phases, besides the time derivative of the geometric delay.
Some of them could have significant effects for successful fringe stopping.

For connected—element radio interferometers (CERI), an instrumental de-
lay 7; is usually calculated based on the geometric delay model only. The
prediction is mostly accurate enough to make A7, almost zero. Therefore,
the fringe is normally found within the coherence interval, and the product
of voltages can be integrated for sufficiently long time, by applying the delay
tracking and fringe stopping, based on the theoretical prediction.

In VLBI, accuracies required to delay tracking and fringe stopping are
much higher than in CERI, as we saw earlier. Moreover, the effects other
than the geometric delay, such as clock offset and atmospheric delay, could
be significant for successful delay tracking and fringe stopping.

Therefore, the theoretical prediction alone is usually not sufficient for ob-
taining fringes. Hence, we must first carry out a special search for estimating
proper group delay and fringe frequency values, using the observed VLBI
data themselves. If we succeed to accurately estimate the group delay and
fringe frequency values, then we can satisfactorily perform the delay track-
ing and fringe stopping using these estimated values, and finally detect the
correlation peak and the white fringe.

This search process is an additional labor imposed to VLBI, which is not
necessary for ordinary CERI. But this “necessity” had led to the birth and
the remarkable success of the geodetic VLBI as we will see later.

2.9.6 Complex Correlator

When we achieve a complete fringe stopping, the residual delay is kept always
zero (A1, = 0), and, therefore, the correlator outputs given in equations
(258) and (259) become constants in time. For example, in case of the USB
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reception, we have

Ry, (0) = Ao [ VU || By | cos(¢ror — ¢ros — @) — @), (265)
where argument of cosine function (residual fringe phase) is almost constant
in time.

This is not very convenient for further analysis, since, if the correlator
output is just a constant, we cannot separately obtain the fringe amplitude
and the residual fringe phase.

In order to get rid of this inconvenience, we use so—called complex corre-
lators. Complex correlators are two sets of multipliers and integrators which
provide two correlator outputs of the same signals, but with residual fringe
phases different to each other by 90 degrees.

from antenna 1 from antenna 2

multiplie multiplier
Imaginary Real
Correlator | lintegrator integrator| | Correlator

sin cos

Figure 63: A complex correlator using a quadrature phase-shift network.

Figure 63 shows a design of a complex correlator which uses a quadrature
phase—shift network. The quadrature phase—shift network is a special electric
circuit which changes phases of all frequency components of a signal by 90
degrees.

When an output of “real correlator” R", which is just an ordinary corre-
lator we have discussed so far, shows a sinusoidal fringe pattern

R" = Acos A,

where A and A are the fringe amplitude and residual fringe phase, respec-
tively, then an output of “imaginary correlator” R* with 90 degrees shifted
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phase will be
R' = —Asin AQ.

Combining the real and imaginary outputs, we can describe the output of
the complex correlator in a complex form:

R =R +iR! = Ae *~?,

In other words, we can infer the fringe amplitude and residual fringe phase
using the outputs of the real and imaginary correlators according to equations

A=VR?+R?* and AP = —arctan <%> .

Thus, even when the fringe stopping is complete and the output of the
real correlator does not vary in time as given in equation (265) for the USB
reception case

R" = Ao ’ V | | Bia ’ COS(¢L01 — ¢ro2 — ¢, — Pp), (266)
we have another output from the imaginary correlator with a form
Ri = _AO ’ V | | 812 ‘ sin(¢L01 — ¢L02 — q)v — CI)B) (267)

Therefore, it is easy to separate fringe amplitude and residual fringe phase,
by using outputs of these two correlators.

For a more general case when fringe is almost stopped but still a small
residual delay A7, remains, we have, from equation (258),

R'= Ao | V|| Bz | cos((wro +wi)ATy + ¢ro1 — ¢roz — @, — Pp), (268)
and
R' = —Ao | V|| Biz | sin((wro + wr)ATy + dror — dros — @ — ®p), (269)

for real and imaginary correlator outputs in the USB reception.
Instead of the quadrature phase—shift network, we can use two LO refer-
ence signals in the frequency conversion, shifted in phase by 90 degrees.
Also, we can use multiplications of cosine and sine functions of wyo7; in
the fringe stopping, as we will see in discussions of VLBI correlators.
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2.9.7 Projected Baseline

We discussed earlier the fringe pattern in the case when we observe a source
at a direction nearly perpendicular to the interferometer baseline. When the
delay tracking and fringe stopping are properly performed, however, we are
in position to observe a source at any direction of the sky.

In such a case, our interferometer is equivalent to the one having a baseline
length D cos 8 in Figure 64. This “effective baseline length viewed from the
source” is called “projected baseline length”. The fringe pattern is now
determined by the projected baseline, as illustrated in Figure 64. Therefore,
the fringe pattern now varies in time, as we track a source changing the angle
0. In particular, the fringe spacing in the sky is now given by

A

Abp = (270)

Dcos@’

and also varies in time.

Figure 64: Projected baseline and fringe spacing at a source direction.

3 Source Structure and Correlated Flux Den-
sity

We saw earlier how a radio source structure (or, more specifically, intensity

distribution) is related to an observable of the radio interferometry, the com-

plex visibility. Using the relationship, we can infer the radio source structure
by analyzing observed complex visibilities.
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A number of data calibration and analysis techniques have been proposed
for better recovery of source structures from usually sparce complex visibility
data. They now form an extensive field of image synthesis of astronomical
objects with radio interferometry, and produce high-resolution images of
objects billions of light years away (see Figure 65 as an example).

However, details of the image synthesis techniques are out of scope of
this lecture note. Here, we confine ourselves to a general formulation of the
problem and a consideration of the effect of the finite angular size of the
source on the correlator output.

Figure 65: Double helical structure of a jet ejected from a distant quasar 3C273 revealed
by a VSOP (VLBI Space Observatory Program) observation (Lobanov and Zensus, 2001;
figure courtesy of ISAS/JAXA).

3.1 Basic Equations of Image Synthesis
3.1.1 Complex Visibility as an Observable

A complex correlator yields the real and imaginary correlator outputs R"
and R!, which enable us to infer the fringe amplitude and residual fringe
phase for an observed radio source.
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We gave in equations (268) and (269) theoretical expressions for outputs
of real and imaginary correlators in a case of the USB reception:

R'= Ao | V|| Bz | cos((wro + wi)ATy + ¢ro1 — ¢roz — @ — Pp),
R'=—Ay | V|| Biz | sin((wro + wi) ATy + ¢ro1 — ¢roz — @ — Pp).

Then, theoretical expressions for fringe amplitude and residual fringe phase
are given by
A:AO‘VHBU |>

and
AP = (wro +wi)ATy + dror — ¢ro2 — Y, — P,

respectively, as we saw in equation (261).

If we achieve a high enough S/N ratio, and if we are allowed to calibrate
the observed fringe amplitude and residual fringe phase for geometric mean
of effective apertures Ay, the bandwidth pattern | By | €/®2, the residual
delay AT,, and the difference in LO initial phases ¢r01 — ¢ro2, on the basis
of suitable independent measurements and/or model estimations, we can
derive the complex visibility of the observed source:

V(w) = V(w) | ™),

where we denote by w the center frequency of the RF band, i.e., w = wpo+wy.

3.1.2 Visibility and Intensity in EW-NS Coordinate System

We showed in equation (165), that the complex visibility V(w) is related to
the intensity distribution I,(o) of an observed source as

V(W) = 74 An(o) I (o) e 2D g (271)

where Ay(o) is the normalized power pattern of an interferometer, I, (o)
is the intensity distribution of the source, D, = D/\ is the baseline vector
D normalized by the wavelength A\ of the observation, and o is an offset
vector of a direction s in a radio source from a reference direction sy, i.e.,
o =S8— 8.

The meaning of equation (271) becomes clearer if we introduce a rect-
angular coordinate system, whose 3-rd axis is chosen towards the reference
direction sq of the source, and 1-st and 2-nd axes are chosen in the east (right
ascension) and the north (declination) directions, respectively (Figure 66).
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Taking into account that o = s — s¢ is a vector difference of two unit
vectors s and sy, we denote components of the offset vector o in this new

coordinate system as:
o=(&n y1-&-—n*—1). (272)

Figure 66: Source intensity distribution and projected baseline in an EW-NS plane
perpendicular to the reference direction sy of the source.

For the reason why the third component of o is equal to /1 — &> —n? — 1,
see Figure 67.
Also, we denote components of the baseline vector D and the normalized

baseline vector D, as:
D = (u, v, w), (273)

and
D) = (uy, vy, wy), (274)
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Figure 67: Third component of the offset vector o = s — s.

respectively, in the same coordinate system, where u,, vy, and wy are

u v d W
X, = X, an wy = X

Note that & and 7 are taken along right ascention and declination di-
rections, respectively, in a celestial equatorial system. Note, also, that w is
related to the geometric delay 7,, of the reference direction by an equation:
W = CTy,.

Then, we describe the argument of the exponential term in the complex
visibility in equation (271) as:

21Dy -0 =2m[uy &+ van 4+ wy (/1 — & —n2—1)]. (275)

Also, the solid angle element df) in the same equation is given by

Uy =

celestial

sphere
So

Figure 68: Solid angle element df) and area element d¢ dn in a plane perpendicular to
reference direction sg.

dg dn

since d¢ dn is the projection of df? in a plane perpendicular to sy (Figure 68).

a0 = (276)
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Then, the complex visibility in equation (271) is given, in terms of &, 7,
Uy, Uy, and wy, by

V(w) = / / An(€, )L, (€, n)e~#rluretoantuws (\/1—52—772—1)}%057_17 —.
(277)
This equation can be regarded as an integral equation for the intensity
distribution I,,(£, n) of a radio source with given complex visibility V(w). The
purpose of the image synthesis is to get an intensity distribution 7, (£, ) (an
“image”) of a radio source by solving this integral equation using observed
complex visibilities.

—0o0 —0O0

3.1.3 Approximation of a Part of Celestial Sphere by a Tangent
Plane

It is not easy to solve the integral equation (277) in its general form. However,

small range

of mgppin,
f pr g plane tangent
to sphere at s,
celestial
solls sphere

Figure 69: Celestial sphere can be approximated by a tangent plane for a small range of
mapping.

if we have a narrow range of mapping, where £ < 1 and n < 1, and second
order terms £2 and 7n? can be neglected, the equation becomes much simpler.
This narow-range condition corresponds to an approximation of a small
part of the celestial sphere, where we would like to draw an image map of a
radio source, by a tangent plane at the reference direction sq (Figure 69).
Let us then examine conditions under which £ and 7n? terms can be
actually neglected.
&% and n? terms appear in two places of equation (277), namely in

ﬂ, and pi2mlux €y mtwy (/1= =2 1))
V==

In the first term: we can safely neglect £2 and n?, provided

only that | £ [« 1 and |7 |« 1.
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In the second term, which can be approximated by

1
—i2mfunEFoan+wy (1 - =2 = 1)] o e_iQW[UA§+ oan = 5w (€ +1°)

(278)
we must be a little careful. Here, £2 and n? terms appear in a phase of a
periodic function, for which only a residue of 27 is meaningful. Therefore,
it is not always possible to neglect a term in a phase even when it is much
smaller than other phase terms. A phase term can be safely neglected only
when it is absolutely small as a phase (for example, much smaller than 0.1
radian, say). If we require this “< 0.1 radian” condition, then £? and 7? in
equation (278) are negligible when

Twy(£? 4+ n*) < 0.1 radian. (279)

Let us now examine how this condition could be satisfied. Let us denote a

v [EN)

Figure 70: Length of wy (left) and a range of mapping (right).

full range of our intended image map (or, range of mapping) as 6;. Then,
obviously, ¢ and 7 of a point in our source image must satisfy

9
&+n < (%)2,

(see right panel of Figure 70). Therefore, the condition in equation (279) is
satisfied if

0
WwA(Ef)Z < 0.1 radian.

Adopting as a maximum value for wy:

Wipao = DA =

)

D
A
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in view of left panel of Figure 70, we see that the condition in equation (279)
is readily satisfied if

0.\% D 04 A
T <§f> EY < 0.1, and therefore 67 < D

which is approximately equivalent to

1 /A
0 < S\ D (280)

Thus, the tangent plane approximation, where £2 and 7n? can be safely ne-
glected, is adequate, if our range of mapping 6, satisfies equation (280).

It is still left to us to examine whether equation (280) is a realistic con-
dition in actual mappings of radio source images.

Angular resolution 6, of an interferometric observation is roughly given
by the minimum fringe spacing:

0, ~

SIS

Then number of grid points (“pixels”) required for an image mapping is
roughly proportional to (6;/6,)>. Therefore, a load of numerical processing
becomes heavier, as the range of mapping ; becomes wider compared with
the angular resolution 6,.

Moreover, it is usually meaningless to select a too wide range of mapping,
since a radio source, which is much extended than the fringe spacing of an
interferometer 6,, tends to be “resolved out” and becomes “invisible” for the
interferometer, as we will see in later discussions.

Therefore, if we select a range, which is 30 times as large as the angular
resolution, as a realistic range of mapping:

A
0~ 30 x 0, ~30 x —

_D’
then, the condition of equation (280) for the tangent—plane approximation
becomes
A1 A
— < == 281
305 <35 (281)
or
A 1 A 1
\/ ) < 90’ and, hence, D < 5100~ 0.°007 ~ 25 arcsec.  (282)
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As we saw in Table 2, such a condition on the fringe spacing is generally
satisfied in modern interferometers, except for m—wave or cm—wave CERI
arrays of relatively short baselines. In VLBI, as far as our range of mapping
is <30 x (A/D), we can safely use the tangent—plane approximation. Figure
65 gives an example, where the angular resolution is shown as an elliptical
“restoring beam” in the right edge.

Clean I map. Array: BFHKLMNOPS
3C279 at 15.365 GHz 2001 Sep 13

Relative Declination (mas)

Right Ascension (mas)

Map center: RA: 12 56 11.167, Dec: —05 47 21.525 (2000.0)
Map peak: 8.41 Jy/beam
Contours: 0.0711 Jy/beam x (=1 1 2 4 8 16 32 64)
Beam FWHM: 1.06 x 0.426 (mas) at —0.0698°
T

T
L L L L
0 1 2 3 4 sl B

8
Jy/beam

Figure 71: 15 GHz map of a quasar 3C279 observed with VLBA (Wajima and Iguchi,
private communication in 2005).

Another example of a beautiful VLBI image of a quasar 3C279 observed
at 15 GHz with VLBA (Wajima and Iguchi, private communication in 2005)
also covers a range of mapping which is smaller than 30 times of the angular
resolution (the full width half maximum (FWHM) of an interferometer beam
is shown by an ellipse in the left bottom corner).

For typical CERI and VLBI, we have:

e CERI of A =1 cm (30 GHz) and D = 2 km:

D= 5x 107% radian =1 arcsec,
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1 /A
s\ D =7x107* radian = 140 arcsec.

e VLBI of A = 1.35 cm (22 GHz) and D = 2300 km:

A
D= 6.0 x 107 radian = 1.2 milliarcsec (mas),

1 /A
s\ =26 x 107° radian = 5.3 arcsec.

e VLBI of A = 2.3 mm (129 GHz) and D = 500 km:
A

— =4.6 x 107 radian = 1.0 milliarcsec (mas),
LA —23% 107 radian — 4.7
s\ p =2 radian = 4.7 arcsec.

In all above examples, the condition in equation (281) is well satisfied.

Important exceptions, where the tangent—plane approximation is not ap-
plicable, are wide—field mappings of some of maser sources in massive star—
forming regions. They sometimes cover sky ranges of several tens arcseconds,
though individual maser features, of which they consist, are compact at mil-
liarcsecond (mas) level, and thus well detectable with intercontinental VLBIs.
In such a case, the range of mapping 6 could exceed (1/3)1/A/D. Therefore,
one must properly take into account sphericity of the map surface in such
wide—field mappings.

3.1.4 Interferometer is a Fourier Transformer

Under the tangent plane approximation, equation (277) is reduced to
V) =Viuw) = [ [ Avle mble, me S dgdy, (283

where we reexpressed V(w) as V(uy, vy), stressing dependence of the visibility
on “normalized projected baseline components” u, and v,.

Then, it is evident that the complex visibility V(uy, vy ), as given in equa-
tion (283), is a two—dimensional Fourier transform, or a ”spectrum”, of the
source intensity (or brightness) distribution 7,,(£,n) multiplyed by Ax(&, 1)
at “spatial frequency” values u, and vy.
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Consequently, we can regard a radio interferometer as a “Fourier Trans-
formation Device”, which yields, at the correlator output, a two—dimensional
Fourier component or “spatial frequency spectrum” of the source intensity
distribution times Ay (&, ) on the sky, at spatial frequencies corresponding
to two components of the normalized projected baseline, uy and vy. The
Fourier transformation relation described in equation (283) is called “van
Cittert—Zernike Theorem”.

Naturally, the source intensity distribution is restored from the measured
visibilities by the inverse Fourier transformation:

A€ IE D = [ [ Viwn,o)e e quydn, (280)

—00 —00

and then by correcting the normalized power pattern of the interferometer
An(&, m). This is the basis of the astrophysical imaging of the radio source
structure by means of radio interferometry under the tangent plane approxi-
mation. This is important also for geodetic and astrometric VLBI, when we
calibrate the effect of the source structure on the measured delay.

Of course, it is impossible to perform a complete inverse Fourier trans-
formation, unless a continuous distribution of the visisbility is available over
the whole spatial frequency domain, the “uv—plane”. Nevertheless, a better
restoration is achieved, with suitable image processing software, when the
visibilities are sampled at many w,, vy points, which nearly homogeneously
cover an area of the wv—plane contained within a radius Dy, /A from the
origin, where D,,,, is the maximum baseline length in an iterferometer ar-
ray. It is therefore important to achieve a good coverage of the uv—plane
in designing an interferometer array aimed at astrophysical imaging of radio
sources.

3.1.5 Fringe Spacing as Angular Resolution of Interferometer

Our “spatial frequency spectrum” of the source intensity distribution, i.e.
the complex visibility, V(uy, v,) lacks spatial frequency components higher
than D,,.. /A, simply because the finite size of our interferometer does not
allow us to obtain the complex visibility in the higher range. This means
that the inverse Fourier transformation is incapable of restoring structures
smaller than A/ D,

This is the reason why the angular resolution of an interferometer array
is determined by its minimum fringe spacing A/ D,qz-

Note that, although we formally set the range of integration in equation
(284) from —oo to 0o, the actual range is limited by the maximum wv—length

150



Dz /M

3.2 wuv—Coverage

The Earth’s diurnal rotation changes the direction and length of a projected
baseline of a ground-based interferometer in the uv—plane, and thus helps
us to sample visibilities at different uy, vy points. These visibilities, though
sampled at different times, can well be used for restoring images of sources
whose structures do not appreciably change within a day.

(P

Figure 72: If we place an end of a baseline vector at the center of the rotating Earth, by
a parallel translation, a tip of the vector draws an ellipse, in general, viewed from a radio
source. EW and NS components of the projected baseline are the u and v components.
Since we have two vectors of equal lengths and opposite directions which connect two
stations, we have two point—symmetric elliptical trajectories.

Since the interferometer baseline rotates around a nearly fixed spin axis of
the Earth, the trajectory of the projected baseline is a circle, if the observed
source is located at the celestial pole. The trajectory is a linear oscillation
when the source is at the equator, and is an ellipse, for all other directions
in between the celestial equator and the 2 celestial poles. For two stations 1
and 2 on the surface of the Earth, we have two baseline vectors with opposite
directions D15 and Dy, = — D15 connecting these two stations. Therefore,
in general, we have two point—symmetric arcs of ellipses on the uv—plane for
a pair of stations (Figure 72).

Configurations of radio interferometer arrays are designed to achieve good
coverages of the uv—plane, from the trajectories of projected baselines formed
by their antennas.
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3.2.1 wv—Trajectories

Figure 73 shows geometry of the diurnal rotation of a baseline vector D.

i
P
Dsf .
/v_
o) vA

qu‘al‘or

S X (Greenwich Meridian)

Figure 73: Geometrical relationship between Dy, Dy, and Dz components of a baseline
vector D and u, v coordinates. Here, X,Y, Z coordinate system is an Earth—fixed right—
handed Cartesian system with Z axis towards the North Pole P and X axis towards
Greenwich Meridian. H and § are Greenwich hour angle and declination of an observed
radio source. The Earth—fixed baseline vector is shown as viewed from the radio source
(top, left), viewed from west (top, right), and viewed from the North Pole (bottom).

We use an Earth—fixed Cartesian XY, Z coordinate system with Z axis
directed towards North Pole, X axis directed towards Greenwich Meridian,
and Y axis which completes a right-handed system. Components of the
baseline vector D in this system are denoted by Dy, Dy, and Dy. Direction
of an observed radio source is given by the declination ¢ and Greenwich hour

152



angle H of the source with respect to this Earth—fixed coordinate system.

First, let us look at the baseline vector from a direction of the North Pole
(bottom-left panel of Figure 73). We see two sets of rectangular axes X, Y
and S, F in the equatorial plane, which is now perpendicular to our line of
sight. S axis here is chosen along a plane containing both the North Pole axis
and the radio source direction, which we call the “PS—plane”. We then con-
sider S and F components of the baseline vector D in the equatorial plane.
E component is just equal to the u component, i.e. the EW—component of
the baseline vector viewed from the radio source (top—left panel of Figure
73). As for S component of the baseline D, we denote it as Dg. Since S,
E and X, Y axes are inclined to each other by the Greenwich hour angle
H, the v and Dg components and Dx and Dy components of the baseline
vector D are related to each other by equations:

uw = Dxsin H + Dy cos H, (285)

and
Dg = Dx cos H— Dy sin H. (286)

Next, when we look at the baseline vector D along the E axis from the
west side (top-right panel of Figure 73), we see equatorial S axis and polar
Z axis in the PS—plane, which is now perpendicular to the line of sight. The
radio source direction is offset from the equatorial plane by the declination 9.
Therefore, the component of the baseline vector D in an axis perpendicular to
the source direction, which is nothing but the NS—component of the baseline
vector viewed from the radio source (top—left panel of Figure 73), i.e. the v
component, is related to the Dg and Dz components by an equation:

v=—Dgsind + D, cos?. (287)
Combining equations (286) and (287), we obtain
v=—(Dxcos H— Dysin H)sind + Dy cos§, (288)

for v component. Equations (285) and (288) allow us to calculate a uv—
trajectory of a radio source with varying Greenwich hour angle H.
From equations (285) and (288), we obtain an equation of ellipse:

s (v —Dgcosd)?

u’ + = D% + D3, (289)

sin? §

which clearly shows that uv—trajectories are really ellipses.
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In view of the point symmetry property mentioned above, a set of u and

uw=—DxsinH — Dy cos H,
v = (Dxcos H— Dysin H)sind — Dy cos, (290)

which satisfies an equation of another ellipse:

2, (v+ Dyzcosd)?
u

T = D% + D%, (291)

is also a valid uv—trajectory of the same pair of stations.

When we calculate actual uv—trajectory of a radio source, we must take
into account a fact that the source can be observed by an interferometer
baseline only when the source is “mutually visible” from two stations of the
baseline, i.e. when the source is within lower and upper elevation limits of
radio telescopes at the two stations. This condition is roughly formulated as
follows.

ﬁ\
\

\

y

Figure 74: Zenith distance z of a radio source direction s at a station in a direction .
Also shown is an Earth—fixed Cartesian coordinate system with Z—axis towards the North
Pole P and X—axis towards Greenwich Meridian. H and ¢ are Greenwich hour angle and
declination of the source, respectively.

If X, Y, Z coordinates of a station is R = (Rx, Ry, Rz), and if we
approximate the Earth by a sphere, then a unit vector r oriented towards
zenith direction of the station is roughly given by



where

R=\/R% + R} + R%,.
On the other hand, components of a unit vector s towards a radio source are
given in the X, Y, Z coordinates by
s = (cosdcos H, —cosdsin H, sind),
(see Figure 74), where, again, H is the Greenwich hour angle, and ¢ is the
declination of the source.

UV Trajectories of KVN+VERA
Declination +60 degree

+2.0

+1.0 |

+0.0

Vin 10**6 meter

+2.0 +1.0 +0.0 -1.0 -2.0
U in 10**6 meter

Figure 75: wv-trajectories of a combined KVN and VERA arrays, for a source at § =
+60°.

Therefore, cosine of the zenith distance z, i.e. the angle between the
zenith direction » and the source direction s, is approximately given by

Rxcosdcos H — Ry cosdsin H+ Rzsind
I )

Thus, if upper and lower elevation limits of a radio telescope at a station
are I/, and Ej, respectively, then the radio source is visible with the telescope
when

(292)

COSZ =T-8 =

sin B, < cos z < sin E. (293)
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Actual uv-trajectories can be calculated in terms of equations (285),
(288), and (290), when the condition of equation (293) is satisfied at both
ends of baselines.

Figure 75 shows an example of the uv—coverage for the combined VERA
and KVN VLBI arrays thus calculated, for a source located at +60° declina-
tion.

3.2.2 Synthesized Beams

Let us consider a point source with flux density S, located at the reference
direction sy (£ = 0 and n = 0). In this case, the intensity distribution,
which we call here the “true intensity” and denote as I'"¢(£, i), in order to
distinguish it from “synthesized” one to be introduced below, is given by

Iy, n) = S, 8() d(n), (294)

where d(x) is the delta function.

For simplicity, we assume that the normalized power pattern of the inter-
ferometer is unity, i.e. Ay(&, n) = 1, everywhere in our range of mapping.
Then, equation (283) gives the complex visibility which is constant at every
Uy, Uy point:

V(uy, vy) = S, = const. (295)

In an actual interferometer array, we can sample the complex visibility
only along uv—trajectories. Therefore, the “synthesized intensity distribu-
tion” calculated by equation (284):

LV e, n) =8, / / P2 (UAEFVN) oy ]y , (296)

—0o0 —0O0

along uv

does not reproduce the point but yields some extended distribution. This
“response of a synthesis interferometer array to a point source” is called the
“synthesized beam” or the “dirty beam” of the array. This is analogous
to the beam formation of a single dish antenna with a strange “aperture
illumination” along elliptical arcs.

If we approximate the two-dimensional integration by a summation on
meshes, equation (296) is reduced to

e, n) =8, Z Z 2 AEF) Ay Awy

along uv

u v
=S, Z Z[ei2”(“5+””) + €—i27r(w5+vw)]Au)\ Avy,
u v

along uvl

=28, ) cos(2m[un + van]) Auy Avy, , (297)

along uvl
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where “along uv” means summation along uv—trajectories composed of point—
symmetric elliptical arcs given in both equations (289) and (291), whereas
“along uvl” means summation along uv—trajectories given by equation (289)
only.

Al

—

H+AH H

Figure 76: Integration along elliptical uv—trajectories.

We can further replace the two-dimensional summation on the uv—plane
by a one-dimensional summation along the elliptical uv—trajectories with
equal intervals of Greenwich hour angle AH (Figure 76). Since an interval
in Greenwich hour angle AH corresponds to a length interval Al in the uv—

plane
du,\ 2 dUA 2
Al = — — | AH

we obtain from equation (297)

e, ) o gcos<2w[ux<ﬂ>s+w<ﬂ>m>$ (%) ¥ (j—H)AH

along uvl ’
(298)
Now, uy, vy and their derivatives with respect to H in equation (298) are
readily calculated for a radio source with declination ¢ from equations (285)
and (288), namely we have

DxsinH + D H
= x sin H + Dy cos ’ (299)
A
D H — DysinH D
vy = — == o8 )\ VIR Gins+ TZ cos 0, (300)
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and
duy, _ DxcosH — Dysin H

1 3 ) (301)
dvy  DxsinH + DycosH .
d—H = )\ Sin 5 (302)

Calculating these quantities with varying H while the source is mutually
visible at two ends of baselines, inserting them into equation (298), and
dividing the results by a maximum value, we obtain the synthesized beam
normalized by its maximum value:

17 (&, m)

synt
v max

Synthesized Beam of KVN+VERA
Dec = +60 deg
Freq = 22.0 GHz

normalized beam

Figure 77: Normalized synthesized beam of the combined KVN and VERA VLBI arrays
for a radio source at +60° declination with observing frequency 22 GHz.

Figure 77 shows an example of the normalized synthesized beam for the
combined KVN and VERA VLBI arrays for a radio source located at 4+60°
declination observed at 22 GHz. It is clear from this Figure that beam width
of this synthesized beam is around 1 mas which corresponds to the minimum
fringe spacing A/ Dya, with A = 1.4 cm (22GHz) and D,pq, = 2300 km. This
again shows that the angular resolution of an interferometer is determined
by the minimum fringe spacing.
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3.3 Correlated Flux Density of a Source with Gaussian
Intensity (Brightness) Distribution

How is the correlated flux density (or visibility amplitude) related to the size
of an observed radio source?

Let us consider this problem for a simple case, when the source has a
circular Gaussian intensity (brightness) distribution (Figure 78):

&2 492

I (303)

S
L& n) = Wg”g

where St is the total flux density (note that / / 93 dédn =702 ),

—00 —00

L(p)

©o

Figure 78: Circular Gaussian intensity distribution I,,(p) with p = /&2 + n2.

and O, is a parameter characterizing the source size. This parameter ©, is
related to the half-power width of the Gaussian distribution © by a formula:

O
O, = =~ 0.600 304
>vin? 0- (304)

Then, in view of equation (283), the complex visibility of the source is
given by

V(U)\, ’U)\ STV / / 02 e—z?w(uA E+oam) dé’ dn

= Sp e gy el (BB (305)

Y

(see Figure 64 for geometry of the projected baseline), where we took Ay (&, 1) =
1, for simplicity, assuming that the source is observed at beam centers of an-
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tennas. In deriving equation (305), we used an integration formula:

s 2

a2 _a?
/eg” T dy = \/me T,
—0o0

Thus, for a source with the circular Gaussian intensity distribution, we
have ,

e correlated flux density = | V(uy, vy) | = Sp, e [m0s (Z5)] :

e visibility phase = 0.

This means that the correlated flux density | V(uy, vy | is reduced to the
half of the total flux density Sz, when

[W@S(D Cfse)l —In2, (306)

or, in view of equation (304), when the half-power width of the source dis-
tribution ©g is equal to
~2In2 A A

= =~ (0.44 .
o 7w Dcosf 0 Dcos@ (307)

correlated flux correlated flux

A A

point source
Stv

Stv

0 0.44 A/ Dcos® © 0 044/60 Dcos®/ A
curve for given baseline curve for given source size

Figure 79: Correlated flux density of a source with Gaussian intensity distribution, as a
function of the source size (left), and as a function of the projected baseline length (right).

Figure 79 shows the correlated flux density of the source, with a circular
Gaussian intensity distribution, as a function of the half-power width ©, of
the source intensity distribution, assuming a fixed baseline length D (left
panel); and as a function of the projected baseline length normalized by the
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wave length, D cos@/\, assuming a fixed source size (right panel), according
to equation (305). This simple example shows that the source appears weak
to an interferometer, or “resolved out”, when its size becomes comparable
with or larger than the fringe spacing A/(Dcos#). In other words, inter-
ferometers are sensitive to the sources with angular sizes comparable to or
smaller than their fringe spacings.

It is usual practice in VLBI to infer the size of a source by measuring its
correlated flux densities at different projected baseline lengths, and fitting
the results to a Gaussian model, as shown in the right panel of Figure 79.
Figure 80 shows an example (Wajima and Iguchi, private communication in
2005).

JC279 at 15,365 GHz in 2007 Sep 13
L]
-
Ty I b
E :':'
i o
il "F?I"*a
] H g
S o LA
= ?\ By
= AR et ey
< Y '1’," weey i : ¥ ' »
T N ‘h, : -..’. -
&
& Hegrdun :I,..r"‘ R ¥ B e F *‘
=
G 100 200 300 400
lodial UY distonce along PA, 60° ('[JE Ly

Figure 80: Visibility amplitude (top) and phase (bottom) versus uv—distance along a
position angle (PA) 60° plot of a quasar 3C279 observed with VLBA at 15 GHz (Wajima
and Iguchi, private communication in 2005). Visibility amplitude (top) decreases with
uv—distance (projected baseline length) in a range from 0 to 70 x 106 )\, similarly to the
curve in the right panel of Figure 79. However, visibility amplitude becomes almost flat in
uv—distance range from 70 x 10° to 400 x 10® )\, showing existence of a compact component
which is not resolved even on the longest baseline 400 x 10° A ~ 8000 km. This Figure
can be compared with an image map of the same source shown in Figure 71.
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3.4 What Can VLBI Observe?

Figure 81: VLBI can observe very bright, compact objects only.

The above discussions show that a VLBI (or an interferometer, in gen-
eral), with baseline length D and observing wavelength A, can detect only
compact sources with characteristic angular diameters ©, comparable to or
smaller than \/D, i.e.,

Oy <

S >

If the brightness temperature of a source is Tz, then the intensity [, and
the flux density S, are given by:

where k = 1.381 x 1072 JK~! is the Boltzmann constant. Note that the last
expression does not depend on the wavelength.

Now, if the minimum detectable flux density by VLBI is S,,in, We can
impose a lower limit to the brightness temperature, Tz, for the detectable

source: 2D2
wk
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If D =2300 km and S, = 0.02 Jy, then T =5 x 107 K (1).

Such a high lower limit of the brightness temperature precludes detection
of almost all thermal sources, such as stars and molecular clouds with VLBI,
leaving only very bright, compact non—thermal sources, e.g., AGNs, masers,
and pulsars (see Figure 81), to be detected.

4 Sensitivity of Radio Interferometer

Now let us consider how we can estimate sensitivity of a radio interferometer,
i.e. signal-to—noise ratio of its correlator output.

Strong fluctuation of product of
voltages with short integration time

i correlated
signals

Reduced fluctuation of product of
voltages with long integration time
(2000 times longer than the above)

0 - - i correlated
t signals

Figure 82: Simulated temporal behaviors of correlator outputs as time averaged products
of received voltages with short (top) and long (bottom) integration (averaging) times. The
voltages are assumed to consist of a weak common signal and strong independent noises.
Time averaged product of the independent noises strongly fluctuates in time ¢ when the
integration time is short but tends to zero as the integration time increases, while that of
the signal components tends to a positive constant (correlated signals). Thus, signal-to—
noise ratio of an interferometer is improved with integration time.

When we discussed a realistic interferometer, we had taken into account
only signal components of received voltages, ignoring any system noise contri-
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bution. However, now we have to remember that the system noise is inherent
in every radio telescope and usually much stronger than the signal from an
astronomical radio source.

Figure 82 shows results of a simulation analogous to what we considered
in subsection 1.2.4 where we discussed the ergodicity. In order to model a
time series of a voltage received by an element antenna of an interferometer,
we successively generated a series of superposed two independent Gaussian
random numbers with substantially different dispersions. They stand for a
small signal and a big system noise contained in the voltage. Then we calcu-
lated a “correlator output” by time averaging a product of two such voltages,
regarding them as “received at two antennas”. For simplicity, we assumed
that signals are identical and noises are independent but with equal disper-
sion in the two received voltages. Note that the signals could be identical in
an interferometer provided that the delay tracking and fringe stopping are
perfectly performed, element antennas and receiving systems are identical,
and observed source is well compact compared with the fringe spacing.

Upper and lower panels of Figure 82 show temporal behaviors of the
simulated correlator output when integration (averaging) time is short (top)
and long (bottom), respectively. The integration time in the lower panel is
2000 times longer than that in the upper panel.

While the integration time is short, the correlator output violently fluc-
tuates due to the strong noises burying any sign of small signals (top). As
integration time increases, a time—averaged product of common signals tends
to a positive constant, i.e. the expected correlation of source signals, which
we call here the “correlated signals”. On the other hand, a time-averaged
product of independent noises naturaly tends to zero. Therefore, when the
integration time is long enough to suppress the noise fluctuation, we certainly
see the correlated signals (bottom).

We define the signal-to-—noise ratio of a correlator output of a radio in-
terferometer as a quantity showing how well we can detect a source through
integration (time—averaging) of a product of received voltages.

Specifically, we define it as a ratio between the correlated signals and a
standard deviation (level of fluctuation) of a correlator output, i.e. a time-
averaged product of received voltages.

In the followings, we will derive a theoretical expression for the signal-to—
noise ratio S/N on the basis of a statistical theory of the standard deviation
of the time-averaged product of random processes.
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4.1 Statistical Model of a Correlator Output
4.1.1 Signal + Noise Inputs to a Correlator

Let us consider that received voltages Uy(t) and Us(t) from two antennas,
which are fed to input points of a correlator, consist of signals V;(t), Va(t)

from antenna 1 from antenna 2

| multiplier

integrator)

U:=Vi+N: U:=V2+N:

<ViVz> + Noise fluctuation

Figure 83: Input voltages to a correlator consist of signals and noises.
and noises Nq(t), Na(t) (see Figure 83):

UL (t) = Vi(t) + Ni(2),
Us(t) = Us(t) + Na(1). (309)

We assume that the delay tracking and fringe stopping were already success-
fully applied to the voltages U;(t) and U,(t), so that we can integrade the
multiplier output for an appropriate interval of time without losing signal
power.

4.1.2 Integration of the Multiplier Output

If we denote an instantaneous output of the multiplier as y(t):
y(t) = Ui(t)Ua(2), (310)

an output of the integrator (i.e., correlator output) z(¢) is related to the input
y(t) by a linear system of time averaging with an impulse response a(t):

o0

(1) = y(t) * a(t) = / y(t)alt — ') dt', (311)

—0o0

where symbol ‘*” stands for a convolution, as before.

165



If an input y(¢) is a constant y in time, the time averaging result must be
equal to the constant y. Therefore, the impulse response a(t) must satisfy:

[e.e]

/a(t) dt = 1. (312)
For example, if we take a simple running mean with an averaging time 27"
T
| iyt (313)

=T

1

2(t) = o

then the impulse response a(t) is given by

L for —T<t<T,
a(t) = 2T - T
0 otherwise.

4.1.3 Statistical Expectation of the Correlator Output

We assume that the noise components from two antennas are not correlated
with each other, and are not correlated with signal components, either. Then,
we have

(Ny(£) Nao(t)) = 0, (Vi(t)N;(£)) =0 for i=1,2 and j=1,2, (314)

where ( ) stands for the ensemble average, as before. From equation (314),
we obtain

{y(t)) = (UrUz) = (Vi) + Nu()] [Va(t) + Na(8)]) = (Va(#) Va(t)).  (315)

In next subsection, we will see that the multiplier output y(t) = Uy (¢)Us(t)
is a stationary random process, provided that U, (t) and Us(t) are jointly sta-
tionary random processes obeying the zero—mean jointly normal (or Gaus-
sian) probability density. If so,

(y(1)) = const,

and, therefore,

=(0) = [ natt =)t = (@) [ alt =)t = (o) = (A0 Va(),

(316)
in view of equations (312) and (315). Equation (316) shows that the statis-
tical expectation of the correlator output in a radio interferometer is equal
to the expected correlation, i.e. the cross—correlation of signals Vi(t) and
Va(t), and does not contain system—noise contribution, unlike that of the
square—law detector output of a single-dish radio telescope.
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4.1.4 Dispersion of the Correlator Output

As we saw in the discussion of the correlation ergodicity in subsection 1.2.4,
a correlator output z(¢) with a finite integration time should be associated
with a noise-induced fluctuation around the expectation:

z(t) = (z(t)) + noise fluctuation = (V;(¢) Va(t)) + noise fluctuation. (317)

This fluctuation determines detection limit of a radio source as illustrated in
Figure 82.

The magnitude of this fluctuation can be estimated by the dispersion o2
of the correlator output z(t), as we saw in the discussion of the correlation
ergotic processes. The dispersion is given by

(
(1), (318)

and, therefore, the standard deviation is given by

0. = (1) - (=) (319)

This is a measure of strength of the noise in the correlator output.

On the other hand, strength of the signal in the correlator output is given
by the fringe amplitude AY or AY which are shown in equations (261) and
(262) for USB and LSB receptions, respectively, for a continuum spectrum
source.

Therefore, signal-to—noise ratio S/N for a continuum spectrum source is
given by

S/N = ﬁ, (320)
O-Z
where A is either AY or A", depending on a choice of the single sideband
actually received.
In following subsections, we will calculate the standard deviation of the
correlator output o, in order to get an explicit expression of the signal-to—
noise ratio in terms of physical parameters characterizing the radio source

and antenna-receiving systems.

4.2 Useful Formulae Related to the Correlator Output

In calculating the standard deviation of the correlator output o, we will use
following formulae relevant to the present problem.
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4.2.1 Fourth Order Moment Relation

Let xy, x9, ---, x, are zero-mean random variables obeying to the jointly
normal (or Gaussian) probability density given in equation (30):

1 o1
1 ) Ti Cij Zj
=

Ly Ty) = ————— =1 : 321
flons ) = e (321)

n n

where expectation 7; of the random variable z; figuring in equation (30) is
zero by assumption for all¢ = 1,2, -- -, n; Cy; = (z; x;) is a covariance matrix,
C;:! is its inverse matrix, and A = det{Cj;} is its determinant. In general,
we denote an inverse matrix by a symbol ( )~! and a determinant by det ().

A very useful formula is known for such jointly normal random variables
z; (1=1,---,n):

(ziwjzp ) = (v 25) (T 00) + (25 208) (25 70) + (23 70) (25 %), (322)

which says that a fourth order statistical moment (a term “n—th order sta-
tistical moment” is used here to denote a statistical expectation of a product
of n random variables) (z; z; x; x;) is decomposed as a sum of products of
second order statistical moments (correlations) (z; x;).

Proof :

1. Let us reformulate equation (321), using matrix notation of a row vector
X and its transpose X7

€

where ()7 denotes a transpose matrix. Then we have

= (271T)nA6%XT o (323)

where C' is the covariance matrix which is a positive-definite symmetric
matrix with Cj; = (z; z;) as ij—element.
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2. Fourier transform of a probability density is called “characteristic func-
tion”. A characteristic function F'(€2) of the joint probability density
f(X) in equation (323), where €2 is a row vector of angular frequencies
OF = (wy wy -+ wy), is given by

o0 e}

F(Q) = /"'/f(X)efmTXd%“-dajn _ <e,mTX>

:%/.../Q%XTC_IXiQTdel dajn
V @m)rA S

(324)

3. According to the linear algebra, a symmetric matrix can be diagonal-
ized by a suitable orthogonal transformation. So, let 7" be an orthogonal
matrix, which diagonalizes the symmetric matrix O

M O - 0
0 X --- 0
retr=| 7 | (325)
0 0 - \,
where \i, A, - -+, A, are eigen values of the matrix C' 1.

Since 7" is an orthogonal matrix, by definition we have
TTT=TT"=1, T'=T7T7 detT =1, (326)

where [ is a unit matrix:

10 0
01 0
I = ,
0 0 1
and, therefore,
A0 0
0 Xt -0
rrer=atotny = |, (327)

0 0 AL
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and

1
A =det C =det T" det C det T = det(T* CT) = ———r.
My -\,
(328)
. If we introduce a new row vector Y:
Y= (Y1 y2 -+ Yn),
which is obtained by an orthogonal transformation of X with 7"
Yy =TTX,
then we have
X =TY, %:le, Oy 2y -+ ) —det T =1,
Iy, INyrya - Yn)
XTC'X=Y"T"C'TY =) Njy5,
j=1
Q"X =0"TY =Y w Ty, (329)

i=1 j=1
Therefore, the characteristic function F'(§2) given in equation (324) is
reduced to

1 , ] ;
F(Q):ﬁ/.../e j=1 i=1 j=1 dyy - - dy,.

If we further introduce new variables:

[\ .
Zj = ?jy] (]Zla”'an)a

then we have

F(Q) = / /
v/ (27) ”A e
—Z(zj +7/sz’ng /\—z]) o
e J=1 i=1 J dz dzp,

J dzy -+ dzp,.

(331)
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5. Applying the integration formula:

o0

2
—22—jazx o —a_
/ e de =\/me T,

—00

we reduce equation (331) to

12 1
3 > > ZwiTZj)\_Tkawk
—e =1 j=1 k=1 J
= e300 (332)

6. From equations (324) and (332), we have
(e Xy = ez O (333)

Expanding exponential functions in both sides of this equation into the
Taylor series, we have

() = 1 - (07 X)? >+z3— (OF XP) + 4 (@ X)) =+,

e300 QTCQ+2'( QrCQ?—..-. (334)
Terms with fourth order of w;’s in the above equations are
1 1 n n n n
1 (QF x)" = 1 ZZ (@i xj op 1) w; wj Wi Wy, (335)
i=1 j=1k=11=1
and
—(—Q C :——ZZZZC’ijC’klwiijkwl
2! "2 2 4 i=1j=1k=11=1
1 n n n n
= 4— Z Z Z Cz] Ckl + Czk le + Cil Cjk) Wy Wi Wy Wi, (336)
i=17=1k=11=1

respectively. Right hand sides of equations (335) and (336) are equal
to each other in view of equation (333). Consequently, coefficients of
w; w; wy wy in these equations, i.e., (z; x; x, x;) and Cy; Cy + Ci Cyi +
Ci Cji, must be equal to each other, too, since both of them are in-
variant in any substitution of i, j, k, [. Thus, we have

(i xjxpa) = Cij Cy + Ci Cjy + Cy Cliy.. (337)

Since C;j = (x; x;), this completes the proof of equation (322).
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4.2.2 Multiplier Output as a Stationary Random Process

If two voltage inputs U;(t) and Us(t) of a correlator are jointly station-
ary processes and if they obey the zero—mean jointly normal (or Gaus-
sian) probability density such as given in equation (321), then their product
y(t) = Uy(t) Uy(t) is also a stationary random process.

Proof :
1. Expectation of y(t) is a constant in time. In fact,

(y(t)) = (1) V(1)) = R, (0), (338)

where Ry, (1) = (Uy(t) Us(t — 7)) is a cross—correlation of jointly
stationary random processes U (t) and Us(t), and, therefore, (y(t)) does
not depend on time t.

2. Autocorrelation of y(t) is a function of time difference only. In fact, in
view of equation (322), we have

() y(t — 7)) = (U1(t) Ua(t) Us(t — 7) Uzt — 7))
= (Ui(t) Ua(2)) (Ur(t — 7) Ua(t — 7))
HUL() Ui (t — 7)) (Ua(t) Ua(t — 7))
+(Ui(t) Uzt — 7)) (U2(t) Ur(t — 7))
= R} 1,(0) + Ry, (7) Ruu, (T) + Ruyu, (1) R, (—7),

(339)

where Ry,y, (1) = (U1(t) U1 (t — 7)) and Ry,y, (1) = (Us(t) Us(t — 1))
are autocorrelations of input voltages Ui (t) and Us(t). This equation
shows that (y(¢) y(t — 7)) is a function of time difference 7 only.

Thus, we proved that the multiplier output y(t) is a stationary random pro-
cess.

Since the integrator output (i.e., correlator output) z(¢) is an output of a
linear system of time averaging, given in equation (311), with the input y(t)
which was shown to be a stationary random process, we conclude that z(t)
is also a stationary random process.

Hereafter, we will denote autocorrelations of the multiplier output y(t)
and the integrator output z(t) as functions of time difference 7:

Ry, (7) = (y(t) y(t — 7)),
R..(1) = (2(t) 2(t — 7)). (340)
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4.2.3 Time Averaging Operator

Since the multiplier output y(t) and the integrator output z(t) are related
to each other through the impulse response a(t) of the operator of time
averaging, as shown in equation (311):

z(t) = y(¢) = a(?),
their autocorrelations are related to each other as:
R..(T) = Ry, (1) x a(t) x a(—7), (341)
in view of equation (43).
Therefore, if we denote power spectra of y(t) and z(t) as Sy, (w) and
S..(w):
Syy(w) & Ryy (1),
S..(w) & R..(1),
where symbol < stands for a Fourier transformation pair, and introduce a
system function A(w) of a(t):
Alw) & alt),
then we have, in view of equation (75),
Sealw) = Spylw) | Aw) I (342)

Since
[o¢]

A(w) = / a(t) e tdt,

and, from equation (312),
[ee]

/a(t) dt =1,

—00

the system function A(w) must always satisfy an equation:
A(0) = 1. (343)

Note that, for the case of a simple running mean, the system function
takes the sinc function form:

T
1 | in(wT
AW) = 5= / et = S”lf“; ). (344)
~r

In general, A(w) can be regarded as a low—pass filter with a narrow pass-
band of about +27/T', as evident from the above simple case. If the integral
time T is 1 s, for example, the passband is as narrow as +1 Hz.
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4.2.4 Power Spectrum of Multiplier Output

Let us now describe the power spectrum of the multiplier output S, (w)
through power and cross—power spectra of voltages, which are the inputs to
our correlator.

From equations (339) and (340), we have

Ryy (7_) = R2U1U2 (O) + RU1U1 (7—) RU2U2 (7_) + RU1U2 (7—) RUIUQ(_T)‘ (345)

Therefore, Fourier transformation of this equation gives us the power spec-
trum Sy, (w). Using convolution theorem in Fourier transformation, given in
equation (68), for products of functions of 7, we obtain

Syy(w) = /Ryy(T)eide

= 27TR2U1U2(O) o(w)
1 1
+%SU1U1 (w) * SUQUQ (w) + %SU1U2 (w) * Sl*hUQ (w)? (346)

where §(w) is the delta function of angular frequency w, and Sy, (w),
St,u,(w), and Sy, p, (w) are power and cross—power spectra of input voltages:

SU1U1 (w) g RU1U1 (7_)?
SU2U2 (w) g RU2U2 (7)7

SU1U2 (w) A RU1U2 (7—)

Here we used a relation:

/ e “Tdr = 2 (w),

—0o0
which was given in equation (66), and for Fourier transform of a real function
RUI Us (_7—):

/ RU1U2 (—T)@iim-d’i' = / RU1U2 (T)eindT

— (/ RUlUQ(T)eindT) = Stu, (W).

174



4.2.5 Power and Cross—Power Spectra of Input Voltages

Power and cross—power spectra of input voltages figuring in equation (346)
can be described as follows.

Assuming, as before, that signal and noise are not correlated with each
other, and noises from different antennas are not correlated, either, we ex-
press autocorrelations and cross—correlation of input voltages Uy (t) and Us(t)
in terms of signal (V) and noise (N) components:

RU1U1 (T) - RVlVl (T) + RN1N1 (T)7
RU2U2 (7_) - RVQVQ(T) + RN2N2 (7—)7
RU1U2 (7_) = RVIVQ (7—)7 (347)

where
RVIVI(T) = <Vl(t) Vl(t - T) )

)
RVQVQ (7—) = <‘/2(t) ‘/Q(t - 7—)>?
RV1V2(T) = <Vl(t) %(t - 7—)>7

are auto— and cross—correlations of signal voltages Vi (t) and V5(t), while
RN, (T) = <N1(t) Nl(t - 7—)>7
R,y (1) = (Na(t) Na(t — 7)),

are autocorrelations of noise voltages Ny(t) and Ny(t).
Therefore, the power and cross—power spectra are obtained by Fourier
transformation of equations (347) as

SU1U1 (w) = SV1V1 (w) + SNlNl (w)>
SU2U2 (w) - SV2V2 (w) + SN2N2 (w)7
SU1U2 (w) = SV1V2 (w)> (348)

where

SV1V1 (w) g RV1V1 (7—)7
SV2V2 (w) < RV2V2 (T)7
SV1V2 (w) <~ RV1V2 (7_)?

are power and cross—power spectra of signal voltages, while

SNlNl (w) A RN1N1 (T)7
SN2N2 (w) <~ RN2N2 (T)7

are power spectra of noise voltages.
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4.2.6 Antenna Temperature and System Noise Temperature

We saw in equation (169), that a power spectrum S,,,, (w) of a received signal
voltage v;(t) (i = 1,2) at RF band, which is just received by i—th antenna,
and has not yet gone through a receiving system, is given in terms of effective

flux density S, of an observed source and efective aperture of i—th antenna
A, by

1
S'UiUi(w) - ZAeiSy (Z =1, 2).

Since the effective flux density and the antenna temperature T4, (w), char-
acterizing a received power from a radio source per unit bandwidth, are re-
lated to each other by an equation:

1
k TAi (Cd) = §Aei8y7

as we saw in Chapter 2, where k = 1.381 x 1072 JK~! is Boltzmann’s con-
stant, the power spectrum of the received signal voltage is described through
the antenna temperature as:

Span () = %kTAi(w) (i=1,2). (349)

Since the frequency conversion preserves the power spectrum of the re-

ceived signal voltage, we can easily derive from equation (349) a power spec-

trum Sy,y, (w) of an IF signal voltage V;(¢) at an input of a correlator. Indeed,

if we denote the system function of the receiving system as H;(w), as given

in equation (195), and if we assume for definiteness upper sideband (USB)
reception, we have

1
Svivi(w) = 5 k‘TAi(wLo + w) ‘ Hz(w) ‘2 (fOl" w Z 0, 1= 1,2), (350)

where w is frequency in IF band and wyo is local oscillator frequency of the
frquency conversion. Here we showed only positive frequency side of the
power spectrum, which is an essentially even function of frequency.

On the other hand, the noise component is described through the in-
put equivalent system noise temperature T, (w), which is supposed to pass
through the same receiving system as the radio source signal does. Thus, in
the USB reception and in the positive frequency range, we have

1
Sy, (w) = 5 kTs, (wro +w) | Hi(w) [? (forw>0,i=1,2). (351)
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Therefore, from equations (348), (350), and (351), the power spectrum of
the input voltage U;(t) is given by

St () = %k T (wro4+w)+Ts, (wro+w)] | Hi(w) P (for w >0, i = 1,2),
(352)
in the USB reception and in the positive frequency range.

The cross—power spectrum of two input signal voltages V;(t), (i = 1,2) af-
ter delay tracking and fringe stopping is given in equation (242), for the case
of the USB reception and in the positive frequency range of the Hermitian
symmetric cross—power spectrum. Therefore, taking into account also equa-
tion (348), the cross—power spectrum of the input voltages U;(t), (i = 1,2)
in the positive frequency range (w > 0) is given by

1 .
SU1U2 (w) - SV1V2 (w) = 1 AO e_Z(qSLOl_d)LO?) V(WLO + w) H, (w) H;(w), (353)

where Ay is geometric mean of effective apertures of antennas, ¢ro1 — ¢ro2 is
difference of initial phases of local oscillators, and we put A7, = 0 in equation
(242), assuming complete delay tracking and fringe stopping.

In a simple case of a point-like radio source with normalized power
pattern of the interferometer Ay(o) = 1 at centers of antenna beams,
the complex visibility of the source is real and equal to its flux density,
V(wro +w) =S, as given in equation (295), and, therefore,

1 1 1
Z Ao V(wLo + w) = Z AelAeg Sl, = 5 k \/TAl(wLo + w) TAQ(wLo + w).

(354)
In this case, we have, in w > 0

1 ,
SUIUQ (w) = 5 k \/TA1 (wLo + w) TA2 (wLo + w) 67Z(¢L017¢L02) Hl (w) H;(w)
(355)

4.3 Sensitibity of a Radio Interferometer
4.3.1 Standard Deviation Due to the Noise

Now we are ready to calculate the standard deviation o, of the correlator
output z(¢) in equation (319), and then the signal-to—noise ratio in equation
(320).

In equation (319):

0. =/ (22(1)) — (=(t))2,
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the first term (2%(¢)) in square root is given by inverse Fourier transformation
at 7 = 0 of the power spectrum S,,(w), which is related to S,,(w) given in
equation (346) through equation (342). Therefore, we have

1 o
:%/ Solw)dw = o7 / S() [ALw) I d
! 7023 ) 3(w)
=5 s w
,ﬁoo U1U2

1
oS ) % St @) + 5 -S010() % 55,0,()] | A [ o

= Ri,1,(0)
'+E§%5§;Z;[SUﬂh(“O’kE%bUQOU)+‘SUﬂb(w)*Agéﬂb(aﬂ}’ Aw) |* dw,

(356)

where A(w) is the system function of time averaging, and we used equation
(343) for deriving the first term. On the other hand, second term (z(t))? is
equal to Rf ;,(0), since, in view of equations (317) and (338), we have

<Z(t)> = Ruy,u, (O)
Therefore, the first term of the right hand side of equation (356) is compen-
sated by (z(t))?, and hence we have

03 - ﬁ / [SU1U1 (W) * Sy, (W) + S, (W) * Sl*flUQ(w)} [ Alw) |2 deo.

(357)
If we use explicit forms of convolution integrals, equation (357) is reduced to

ol = ﬁ 70 7 [St,u, (w — W) Sp,u, (W)

+Su1 (W — W) S (W)] | AW) [P dw’ d. (358)

Since A(w) is a very narrow-band low-pass filter around w = 0, as we
saw earlier, Sy, p, (w —w') and Sy, p, (w —w') can be replaced by Sy,p, (—w') =
S, (W) and Sy,p, (—w') = Sprp, (W), and we can take them out of the
integration with respect to w. Thus we obtain,

1 / / * N Qx / / r
0'3 = W / {SU1U1(W)SU2U2((’U)+SU1U2(w)SU1U2(w )} dw / ‘A(w) ’2 dw.

(359)

o0
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Taking into account that Sy,p, (w’) is an even, and Sy,p,(w’) is a Hermitian
symmetric, functions, we can further reduce equation (359) to

1 7 , ,
02 = —/{SU1U1(W)SU2U2(W)
0

Y o

+R [Sv,0 (W) Svav, ()]} do’ / | AWw) [* dw. (360)

Now, assuming the USB reception, for definiteness, we apply equations
(352) and (355) for spectra in positive frequency range (w > 0) of input
voltages to obtain

7 =y [ {0+ ) (T4 T) | () P

= 872
0

R (T, Tay) e 200009502 Hy (o) Hy (o) Hy () Hy ()]} do!

x / | AW) 2 dw, (361)

where we omitted argument wro + w in T4, and Ts, (¢ = 1,2) for simplicity.

Since, in actual observations of most of radio sources, antenna tempera-
tures are much smaller than system noise temperatures: Ty, < T, (i = 1, 2),
we ignore terms with T4,, compared with terms with Ts, (¢ = 1,2). Then,
assuming a flat noise spectrum, we obtain an equation:

z

KTe Te T
o= BT [ ) LW P d [ (AP do, (362
O —00

which describes the dispersion of noise fluctuations in the correlator output.

4.3.2 Signal in Correlator Output

Signal part of the correlator output is equal to the cross—correlation Ry,p,(7)
of input voltages at 7 = 0 after delay tracking and fringe stopping, which
is derived by inverse Fourier transformation of cross—power spectrum of the
voltages with 7 = 0, as we saw in Subsection 2.9.1. So, if we assume a
continuum spectrum source with constant visibility V' with respect to w,
the signal in the correlator output, that is the cross—correlation Ry,p,(0), is
obtained from the cross—power spectrum Sy, , (w) given in equation (353) by
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inverse Fourier transformation with zero argument:
Lol ~i(éLo1—dL02)
Ruea(0) = —R [ S0 (w) dor = Ag Rle™ @01 7010 Y By,
0

where Ag is the geometric mean of effective apertures of element antennas,
and

1 o0
Bu= 1 O/ Hy (W) HE (@) dw,

is the bandwidth pattern as defined in equation (254) with Ar, = 0 (perfect
delay tracking and fringe stopping). Therefore, amplitude A of the signal
part Ry,u,(0) in the correlator output, is given by

A:Ao‘V||Blg|

Note that this is just the theoretical expression of the fringe amplitude given
in equation (261), as expected.
In a simple case of a point—like source, when the visibility V is equal to

the flux density S,, we have Ay | V |= \/Ae, Ae; Sy = 2k \/Ta, Ta,, as we
saw in equation (354). Therefore, we obtain

A=2Fk\/Tx, Ta, | Bi2 |, (363)

for the fringe amplitude, or the amplitude of the signal part Ry,p,(0 in the
correlator output.

4.3.3 Signal-to—Noise Ratio of the Correlator Output

Consequently, the signal-to—noise ratio is given by

gN =2
P
Ta, Ta, ‘512 ‘ 1
TSl TSQ x® N |12 N |12 / 7 2 '
QJ\Hl(WH | Hy(w') [ dw’ [ [ [Alw) [ dw

(364)

Let us first assume that H;(w) (i =1 or 2) is a real and positive filter of
simple rectangular form given by

G if wy—4% <w<wp+ 282
| Hy(w) [*= H2(w) = R (365)

0 otherwise,
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in the positive frequency range (w > 0), where G, is a gain factor in a
receiving system of i—th antenna, wy is a center IF frequency of the filter
passband, and Aw = 27 B is an angular frequency bandwidth, corresponding
to a frequency bandwidth B.

In this case, it is evident from equation (254) that the coefficient G of
the bandwidth pattern as given in equation (260) is equal to G = /G Go.
Therefore, the amplitude of the bandwidth pattern | Bis | is reduced to

_ VG GB sin(nBAT,) VG GyB (for A7, = 0), (366)

B
12 2 TBAT, 2

where we assumed complete delay tracking and fringe stopping with residual
delay A7, = 0. On the other hand, we obviously have

/ | Hy (W) 2] Hao(w') |? dw' = 270 Gy G B. (367)

0

Therefore, we obtain

_ 87 | Bus | —Vir B. (368)
¢2g|fﬁaw>vwﬂan\2dw'

For more general case of non—rectangular filters, we will adopt this equa-
tion (368) as a definition of bandwidth B.

On the other hand, if we assume the simple running mean of equation
(313) for the time averaging, then an integration time 7, is equal to the
interval of averaging 7, = 27. In this case, equation (344) shows that the
system function of time averaging A(w) has a simple sinc function form:

sin(wT)
Alw) = 20
(W) =—"F
Therefore,
[ee} oo . 9
2 5, [sin*(wT) 7w 27
FALCLE Y v taliht

and, hence, we have

-
— 369
5 (369)

1 =
T A o
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For more general case of non—running—mean averaging, we will adopt this
equation (369) as a definition of integration time 7,.

Inserting equations (368) and (369) to equation (364), we obtain an equa-
tion for the signal-to—noise ratio S/N in radio interferometry:

— A — TA2
SIN=""= T51 T NCY (370)

Oz

It is worthwhile to note that, in our approximation of a white spectrum
point—like source and simple rectangular filters, the ratio of geometric means
of antenna temperatures and that of system noise temperatures in equation
(370) is equal to maximum amplitude of cross—correlation coefficient 7y, s, (7)
of input voltages U; and Uy at 7 = O:

RUle (0)
\/RU1U1 (0) Rurr, (0)

TU U, (0) =

achieved when delay tracking and fringe stopping are perfectly performed.
In fact, in view of equations (363) and (366), amplitude A of Ry,y,(0),
that is the fringe amplitude, is given by

A= k\[Ta, Ta, \JG1 G2 B

On the other hand, the autocorrelation at zero argument, or the power,
Ry,u,(0), with i = 1, 2, is derived from power spectrum Sy, (w) = Sy, n, (w)
(since Ty, < Ts,) in equations (352) and (351):

oo

1
Ry,0,(0) = ;/SNZN( )dw——kTS /]H )?dw = k Ts, G; B.
0

Therefore, the maximum amplitude of the cross—correlation coefficeint 1, (0)
is really given by

A _ TA1 TAQ
\/RU1 Uy (O) RUQUQ (O) TSl TSQ

4.3.4 Additional Remarks on the S/N Formula

Although we derived equation (370) assuming a point-like and continuum
spectrum source in a case of USB reception, the equation can be applied to
more general cases, if we
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e multiply a ratio of correlated flux density | V | and total flux density
Sr,, ie, | V| /St,, to \/Ta, Ta, for an extended source,

e 10 change is required in equation (370) for a spectralline source as far
as Ty, and Ty, are average antenna temperatures over a whole filter
bandwidth B, or multiply a ratio of line width b and B, i.e., b/B, if
T4, and Ty, are peak antenna temperatures confined within the line,

e take LSB values of T4, and T, (i = 1,2) in LSB reception case.

An extra efficiency factor 7. called “coherence factor”, typically n. =2 0.5
~ 0.9, is multiplied to the right hand side of equation (370) in case of digital
data processing and VLBI. This factor takes into account losses associated
with digitization, digital logics, fringe-phase fluctuations due to instability
of frequency standards and/or atmosphere, and imperfection of theoretically
predicted delay model, as we will discuss in Chapter 4. Then, the signal-to—
noise ratio S/N for VLBI is usually given by:

4 Ty

2\/2BT, 371
T51 TSQ ( )

4.3.5 A Simple Interpretation of the /B 7, Factor

S/N:nc

Figure 84: Schematic diagram explaining how the signal-to-noise ratio of a stationary
signal with a continuum spectrum is improved by increasing the integration time 7, and
the bandwidth B, in proportion to /B 7.
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Figure 84 gives a qualitative explanation why we have a factor /BT,
in a formula of signal-to—noise ratio. In fact, we can increase the number
of independent measurements, by increasing the integration time 7, and the
bandwidth B for a stationary source with a continuum spectrum, thus im-
proving the signal-to-noise ratio in proportion to /7, and V/B.

4.3.6 Formulae for S/N and Minimum Detectable Flux Density

If correlated flux density of an observed source is §,,, and effective apertures,
aperture diameters, and aperture efficiencies of antennas are A.i, Aes, L1,
Lo, and n4,, na,, respectively, we can rewrite equation (371) for the signal—
to—noise ratio S/N in a new form:

JALALS,
WN_m@k7ﬁﬁgV B, (372)

or, equivalently,

ST L L S,
SIN = o — VNI A 2%\ fo g, (373)

8k /TS1 Ts,

where k, 1., Ts, and Tg,, B, and 7, are Boltzmann constant, the coherence
factor, system noise temperatures, fequency bandwidth, and integration time,
respectively, as before.

Furthermore, by introducing system equivalent flux densities (SEFDs) of
the antennas,

SEFD, = 2k Ts, . and SEFD, = 2k TS?,
we have S
S/N =n. v V2 BT, 374
IN =" =FFD SEFD, K (374)

For example, if we observe a source with correlated flux density 0.2 Jy,
with L; = Ly =20 m, Ts, = Ts, = 120 K, n4, = na, = 0.5, B = 256 MHz,
n. = 0.88, and 7, = 100 sec, then we expect to obtain a signal-to-noise ratio
S/N = 19, which is clearly detectable.

On the other hand, if we denote a limiting S/N value, necessary for
detection of a source by an interferometer, as (S/N), we can derive from
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equation (373) the minimum correlated flux density S, detectable by the
interferometer:

Symin = (SJN) E Vi 15, . (375)
TNe /NA; NA, L1 Lo /2B 1,

For a VLBI, a signal-to—noise ratio of 6 ~ 7 is usually adopted as the
detection threshold (S/N). If we adopt (S/N) = 7, and assume again
Ly = Ly =20m, Tg, = Ts, = 120 K, na, = na, = 0.5, B = 256 MHz,
1. = 0.88 and 7, = 100 sec, then we obtain S,,,;, = 0.074 Jy.

We can observe many radio sources with such a sensitivity. In particular,
almost all extragalactic continuum spectrum radio sources which are regu-
larly used in international geodetic VLBI observations are readily detected,
since their flux densities are mostly S, > 0.1 Jy.

4.3.7 Signal-to—Noise Ratio of a Single Dish Radio Telescope

Before closing this section, we will consider the signal-to—noise ratio formula
for a single dish radio telescope which we introduced in Chapter 2:

S/N = 24\ B, (376)

where Ty, Ts, B, and 7, are antenna temperature, system noise tempera-
ture, frequency bandwidth, and integration time, respectively, of the single
dish radio telescope. This equation is very similar to equation (370) for an
interferometer, except for the lack of an extra factor 2 in the square root of
equation (376).

We can derive equation (376) on the basis of a statistical theory of the dis-
persion of a time—averaged squared Gaussian noise, which serves as a model
for an output of a square-law detector (see, for example, Rolfs and Wilson,
2000). We will show here a variant of the derivation using a “correlator
model” of a square-law detector as illustrated in Figure 85.

Usually, a correlator multiplies and then time—averages received voltages
from two antennas of an interferometer (see Figure 83). However, we can
use the same correlator as a square—law detector of a single dish telescope by
feeding identical voltages from an antenna to the two inputs of the correlator
(right pannel of Figure 85). In this sense, we can always use such a correlator
as a model of a square-law detector.

Therefore, we can make use of all preceding discussions in this section for
considering the signal-to—noise ratio of a single dish radio telescope if we put

U(t) = Us(t) = U(1), Vi(t) = Va(t) = V(t), Ni(t) = Na(t) = N(2),
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from an antenna from an antenna

U=V+N U=V+N U=V+N
S [muitiplier]
integrator — integrator
SQ-law detector correlator
<VV> + <NN> + Noise fluctuation <VV>+ <NN> + Noise fluctuation

Figure 85: A square-law detector is equivalent to a correlator with identical inputs
containing identical signals V' and identical system noises N.

TA1 = TA2 = TA, TSI = T52 = TS, Hl(w) = Hg(w) = H(w),
G1 = GQ = G, and d)LOl = d)LOg'

However, there is an important difference between the interferometer and
single dish cases.

In the single dish case, (N7 (t)N2(t)) is no longer zero unlike in equation
(314) for the interferometer case, since Ny(t) = Ny(t) = N(t) and therefore

(N1(t)Na(t)) = (N ()N (L)) # 0. (377)

This shows the high “noise floor” in the square-law detector output of a
single dish radio telescope, which does not exist in the correlator output of
an interferometer.

Accordingly, we have to modify some of preceding equations. In partic-
ular, equations (315) and (316) must be replaced in the single dish case by
equations:

(y(®) = VOV @) + (NN(1)), (378)

and
z(t) = (V()V(t)) + (N(t)N(t)) + noise. (379)

Likewise, auto— and cross—correlations as well as power and cross—power
spectra in equations (347) and (348) are now given by

Ruyu, (1) = Ry, (7) = Ruyu, (1) = Ryu (1) = Ryv(T) + Ryn(7), (380)
Sty (W) = Stuu, (W) = Svy,(w) = Spo(w) = Svy(w) + Syn(w). (381)

Then, equations (353) and (355) are reduced to

St0s(w) = Suv() = 5 k [Ta@ro o)+ Tslwrotw)] | H) P (for w > 0),
(382)

186



which is just the same with equation (352).
Therefore, equations (360), (361) and (362) for the dispersion of the “cor-
relator” (square-law detector) output are modified to

[\

1 [ee] [ee]
ol =55 / 255U(w')dw// |AW) 2 dw

k2 o o
_ ﬁ/Q(TA+TS)2 | H(W) |* do’ / | Aw) 2 dw
T
0 —00

kQTg T N |4 / T 2
= /|H(w)\ dw /\A(w)| dw. (383)
0 —00

1

Now, in case of a rectangular filter as given by equation (365), we have
A=kTy,GB, (384)

for the signal part A in the “correlator” (square-law detector) output (see
equations (363) and (366)), and

/ | H(W) |* dw' = 27 G B, (385)

0

(see equation (367)).
From equations (383), (384), (385), and (369), we obtain
A Ty
S/IN = — = —=—1\/B,,
/ 2P TS K
i.e. equation (376) for the signal-to-noise ratio of a single dish radio tele-
scope.

It is now clear that the lack of a factor 2 in the square root of equation
(376), which exists in equation (370), is explained by the fact that the output
of a square-law detector has the high “noise floor” ((NN) # 0), while the
correlator output of an interferometer does not ( (N;Ny) = 0).
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